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Introduction: We know that a complex valued function is said to be regular or analytic in a domain D (a non-empty open
connected subset of the complex plane £ ) if it has a uniquely determined derivative at each point of D.

Definition 1: A function f(z) is said to be a univalent in a domain D if f(z,) = f(z,) for all {z,,z,} = D with z; #z,.

A necessary condition for analytic function f(z) to be univalent in D is f(z) = 0 in D. This condition is not sufficient since
f(z) =e? is clearly not univalent since f(0)=e® =1=e*" =f(:27) butf(z)=e* 0.

By Riemann mapping theorem, one function may map any simply connected domain onto the open unit disc in a one-one
conformal manner. Hence, without loss of generality, we confine our attention to the functions that are univalent and analytic in
the open unit disc{z/| z | < 1}.

Notation: We denote by U the class of functions f(z) that are analytic in the open unit disc {z/|z|< 1}and are univalent
in an open disc{z/ | z| < r <1} with the conditions f(0) =0, f(0)=1.

BEIRBARBACH Conjecture: In 1916, BEIRBERBACH proved that |a,|<2for every f(z) inU whose Taylor’s
expansion about the origin is f(z) =z + Y, a.z" .He also showed that |a, | =2 for the function f(z) =z(1-xz)2, |x|=1
, which is known as KOEBE’s function. Note that singularity of KOEBE’s function is Z ="' which is outside the open unit disc
{z/1z|<1}since|z|=|x'| =|x[?=1; thus KOEBE’s function is analytic in the open unit disc {z/|z|<1}. And
f'(2)=2(-2)A-xz)3 (x)+1(2)(1—xz)? implies f'(0) =0(-2)(1—x0)3(—«x) +1(1-x0) % =1.

Clearly f(0)=0. So KOEBE’s functionisin U.

Motivated by the extremal property of the KOEBE’s function, BEIRBERBACH conjectured that

lap|<n (n=2,3,4,---) for every f(z) inU. This is known as BEIRBERBACH conjecture which is a challenging
problem in mathematics that took almost 70 years to prove it. In 1985, LOUIS BRANZES has proved the conjecture in full.
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Definition 2: n-th partial sum of the function f(z) =z + Y¢_,a,z" is s,(z,f) =2+ X0_,a, ¥

Theorem1: Let f(z) is analytic in the open unit disc {z/|z|< 1} with f(0) =0, f(0)=1, and
f(z) is univalent in the disc {z/|z| <1}, then s,(z,f) is analytic in disc {z/|z|< 1} with s,(0,f) =0,
s/ (0,f)=1, and is univalent function in |z|<1-3"'v/6 <1 forall integers n=2,3,4---
Proof : Let f(z) is analytic in the open unit disc {z/|z|< 1} with f(0)=0, f(0)=1
= f(2)=z+Yi,az¢ = s,(z.f)=z+Yp,a,2.
= s,(z,f) is analytic in the open unit disc {z/|z|< 1} with s,(0,f) =0, s;(0,f)=1,

k

Let z,#2z,. Then z¥=zX

#25. Then az¥=zaz¥ (k=23,4,-).  Butthe inequality
Z, + 2 R_8y z‘f £, + YR, a z‘; may or may not hold. So we can do some work.

Since z;#z,, wehave z,-z,20 = |z1-7z|#0 = 0<|z -1z].

Let p=|z|<]|z|=r<1 = 0<r—p=|z,|-|z,|<|z, —z,| by triangle inequality.

Consider

$0(20.9)=5,(2,.0) = [+ Thooaezf |- 2, + Thoaz) |
= 7, -, +[Zhazf - Thoak )= 2, -7, + Shoa 2 - 2]

By triangle inequality, |z, —z, + Xia ]zt —2X]| =2 12 - 2, | - | 2R a2 - 2¥]|
= IS0 (21, 1) =38,(2,,0)[ > | 2, — 2, |- | ZRoazf - 25 ][z r - p- | ko a2 - ]|

Again by triangle inequality, and by BEIRBERBACH conjecture |a, | <k since f(z)eU,

|2k alz -z ]| < 2k ladz - 25 ]| =2kl ag I| 28 - 2F |

<Shook [l [+ 25 (]
=Rkl z [+ 2, [F]< ZRoK[r* +r¥]

since |z, <]z, |=r.

e, |ZiLalfz -X]|<zp k2 =2rsp ok rke 1oy 4 —Zr%ZLZrk

,Zd

ie. | ZiLaz —z'z‘]|s2r£[—1—r+ 3 rk}=2r1 RIS Sl sl
- dr K=o dr 1-r

ie. | Zrafz —Zz]|<2r[ r)[O—(n+1)r“]_(1—rm)(_ﬂ}

(1-r)
e |3l 2]|<ar { (n+1)(1(1)r) +1- M}
S ) R e
o _|sial _22]|>2{ (n+1)(1(—1r_)rr”)2—1+rn+1}
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i.e. -2k adz -] = 2r[1+(n+1)((11__rr))2n . _(1—1r)2}22{1+0_(1—1r)2}

since O<r<1 = -r>-1 = 1-r>1-1=0.

Thus we have

|Sn(21,f)—8n(22,f)|2 r-p- |ZE=2ak[ZI1( _Zg]l

1 e . 2r I
ZF—P’LZ{l_m}_gr r (1—r)2_r[3 (1—I’)2} P

Observe that

2 2
I‘[S—m}—p>0 = {3—m}>p20

Consider
2 2 )
0<p<r|3- = 3— >0 = 3>———
’ { (1_”2} (1-r)’ (1-r)
2 2 _J6 NG i

03 =573 1-= 1-Yo_
=  (@-n>3 = r>75=3 2> = r<l-P=c
e 0sp=lnl<inler<o=1-2 32

2
= |Sn(21,f)—3n(22,f)|>r|:3—(1_r)2j|_p>0

= IS, (z1,F) —5,(2,,1)| %0 = s,(z,,f)—s,(z,,f) 0.

Hence s,(z,f) is univalent function in the disc |z|<c forall n.//

Definition 3: A function f(z) that is analytic in the open unit disc {z/|z|< 1} with f(0)=0,
f(0)=1 issaid to be cap like function if

zf'(2)
f(z)

Definition 4 : A function f(z) that is analytic in the open unit disc {z/|z|< 1} and univalent

Re[1+ }>0, |z]<1.

in the open disc {z/|z|<c<1} with f(0)=0, f/(0)=1 issaid to be star like function in the open

disc {z/|z|<c<1} if

zf'(2)
Re[ ) }>0, |z]<c.

Theorem 2: If f(z)eU, then |a |<1 (k=2,3,4,---) where a, is coefficient of z in
taylor series of f(z); also if f(z) is cap like function, then zf(z) is star like in {z/]|z|<c <1},

J6 3-6

c=1-X2_2-Y0
3 3
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Proof: Letf(z)eU = la [<k (k=2,3,4,--)
Put g(z)=1zf(z) where f(z) isanalytic in unit open disc {z/|z|< 1} with f(0) =0, f/(0) =1.
Taylor series of f(z) about the origin is f(z) = Y ,a.z" =z +Y¢,a,z
=  f@)=7 1+ 3, ka =2+ XF ka2 =2+ 2,0 2X  where by, =ka,
Let z,#2z,, wehave z,-z,#0 = |z, —z,| #0 = 0<|z,-12,].
Let p=|z|<|z|=r<1 = 0<r—p=|z,|-|z|<|z, —2z,| by triangle inequality.
Consider
9(z,) -9(2,) =2, () - 2, f(2,)
=[z, + 3¢ ka z¥ ][z, + 2, ka 2X ]
=7, -2, +[i ke K - Yr ka ¥ =2, - 2, + X ka [ 2K — 2]
By triangle inequality, |z, -z, + X ka K —zX]| > 12, - 7, | - | =i ka [ 2K - 2X]|
= 10z)-92)12 |2 -z |- | TR ka [z - 25 ]| = r - p- | T ka[2f - 2]
Again by triangle inequality, and by BEIRBERBACH conjecture since
| Zhoka[zf - 27 ]| < 2k, [ ka2 - 28] | = Zhook o Il 21— 25|
< Shookk [l 25 [+ 25 1]
=Stk Iz [+ 2, F]< SRk +r¢].
Thus
| >r ka [zk —2X]| <23, k2 rk =237, [k(k - 1) + K]r* =23 k(k = 1)rk + 235,k r¥
ie. | Ieka [z - k]| <2rryp, kk -1k 4 2rsp k rkt
2 d? d

0 2 o)
ie. e ka2 —26]|<2r2 3 9o rkpor 3 Dk rk42r= 3 rk
|2k72 k[ 1 2]| kZ:JZdrz kgzd dr ) Z—JZ d Z
ie. | ka [z -z ]|<2r2d [—1—r+§rk}+2rd[ 1- r+§rk}
dr? k=0 dr

; 0 d? 1 d 1
ie. | X ka [z -z ]|<2r2dr [ 1—r+j}+2r&[—1—r+—r}

] " 1 _ 2r 1
e |xiakala 2] <ar [0+(1 r)3}+2r[_1+(1—r)Z}Zr[(l—rf 1+(1—r)2}

w 1 1-r+2r|_ 1+
= _|Zk=2kak[21_22]|—2{ )3+1 d-r )2} 2{1—W}_2r[1 (1_r)3}

Thus we have
lo(z,)-9(z,)| = r‘P‘lZf:zkak[h _Zz]|

1+r }—r+2r—2r(1+r)— _{3_M}_
a-ry " a-n P Ay

2r—p+2{1—

Observe that
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r[3—2(1”)}—p>0 N I‘[3—2(1+r)}>p20

(1-r)y (1-r)y
Consider
0<p<r 3_2(1+r) N 3_2(1+r)>0 N 3>2(1+r)
(1-r)y (1-r)y (1-r)y
= 3(1-rP¥>2(1+r) (0<r<1 = -r>-1 = 1-r>1-1=0)

=  3[1-r*-3r(1-r)]>2+2r =  3-3r'-9r+9r*>2+2r

= 1-11r+9r>=3r*>0

= 1—111+9i—31>0 (rR=1, where R>1 since r<1)
R "R* R?

= R®*-11R*+9R-3>0 = R®-11R*+9R>3 = R(R*-11R+9)>3

R 'R (-1 - J(-11) - 4(1)9MR (1) +J(11)% - 4(1)9} 3
2

2

o R R_ll—J1221—36 [R_11+\/1221—36}>3
- R R_11—\/1221—36 [R_11+«/1221—36}>3

= RR—%}[R—%}>3>O (V/8529.2195)

11-+/85_11-9.2195 _2.2195

Either R< 5 = 5 5 =1.10975,
=
or Rs>11++85_11+9.2195 202195 _, 444975
2 2 2
Suppose that
1<R<11=V85 11+v85 . 1 £ _410975<10.10975

2 2
= 0<1.10975-R<1.10975-1=0.10975, 0<10.10975-R <10.10975-1=9.10975

=  0<[1.10975-R][10.10975 - R] < (0.10975)(9.10975) = 0.999795
=  0<R[R-1.10975][R-10.10975]< 1.10975(0.999795) =1.10952257 < 3

This is contradiction. Thus our supposition is wrong. Hence we have

R.11+V85 1 11+v85 2 _2(11-+/85) _2(11-85)
2 r 2 11++/85 121-85 36
ie. 03p=|z1|s|z2|=r<%8=5;0.0989<1.

Thus we have

|g(z1)—g(zz)|zr[ss—z(l”)}pm

a-r)
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ie.  0(z)=9(z,) = 9(z) is univalent in the open disc {z/|z|<c<1}.
Thus g(z)=zf(z)eU = |b, | <k (k=2,3,4,---) by BEIRBERBACH conjecture.
= |Kag|<k (k=234 = |a <1 (K=2.34,--).
Again consider
|Zfka [z - 25 ]| < Thook lag | 21 - 25 | < SRk [ 28 [ +] 25 1]
= SRkl z [ 1z, [T SRk +r¥]
ie. | Zeka[zX - K] <z kark =2ry ko rkt

ie |Zi°=zkak[21—zz]|<2rz r —2r—Zr =2r— [Zr - —r}=2r[(1 1r)2—1}

w0 1
S b e [ e

Thus we have

19(2,)-9(z,)| = r‘P‘lZf:zkak[Q _Zz]|

1 _ _2r 2 _
zr—p+2r{1—(1_r)2}_r+2r -1y p—r[S (1_r)3} P

Observe that

2 2
r[B—m}—p>0 = I’[B—m}>p20

03p<r[3—

Consider

_2 = 3—L>0 = 3>L
(1-r) (1-r) (1-r)
N (1—r)2>§ (O<r<1 = —r>-1 = 1-r>1-1=0)

3z 7 o B

= 1-r>— = 1-—=>r = r<l1-—==1-

B B B3

Thus, for 0<p=|z,|<|z,|=r<c<1, we have

=0.1835<1

2 6 3-8
|g(21)_9(22)|2{3—m}—p>0 CZl_?:T

Let f(2) is cap like function.

2f"(z) | .| f(2)+2f"(2)
L Josre i e MR el e |- el sl
and f(z) is analytic in the open unit disc {z/|z | < 1} with f(0) =0, f(0) =1.

= g'(z)=zf"(z) +f(z) will exist since f(z) isanalytic, and g¢(0)=0f(0)=0x1=0
= g'(0)=0f"(0)+f(0)=f(0)=1 and g(z) is analytic in the open unit disc {z/|z|<1}.

Hence g(z) = zf'(z) is star like function is in the disc |z|<c<1.//
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Problemem: Let f(z) is star like function. Then

0< Re[m zd—[Zf(z)]}

and zf(z) is analytic in the open unit disc{z/|z|<1}, but zf(z) is not univalent in the open disc
{z/|z|<r <1}, thus zf(z) is not star like function.

Proof : Let f(z) is star like function.

- 0<Re[sz((§)} Re[zg((s)} 1=Re[sz((§)+1} Re[%} [f( Sz [Zf(Z)]}

f(z) is analytic in the open unit disc {z/|z|<1} with f(0)=0, f(0)=1,
and f(z) is univalent in an open disc {z/|z|<r <1}

Put g(z)=zf(2)
= g'(z)=zf(2) +f(z) will exist since f(z) is analytic, and g(0)=0f(0)=0x0=0
= g'(0)=0f(0)+f(0)=f(0)=0 and g(z) is analytic in the open unit disc {z/|z|<1}.
But g(z)=zf(z) is not star like function since g'(0)#1.
Taylor series of f(z) about the origin is f(z) =YF ,a,z" =2+ Y5, a,z%
= () =7z+3F,af]=22 +3F,a2¢?
Consider

9(21)_9(22)=Z1f(z1)_zzf(zz)=[21 + k- zak21+1] [Zz + ke zakzé( ]

k+1 k+1 k+1
-1 ]

=2} -2+ Yt Yk =2t -+ Y zak[z
Let z, #z, in the open disc {z/|z|<r<1} suchthat z, =-z, = 2t =15
= 9(z)-9(z,)=Yr,a,z¢t -y a,z51  may or may not be 0.

= g(z) is not univalent in the open disc {z/|z|<r<1}.//

Definition 5: A function f(z) that is analytic in the open unit disc {z/|z| < 1} with f(0) =0,
f(0)=1 is said to be cap like function of order a(c) if

zf"(2)
f(z)

Re[1+ }>a(c) lz|l<c<1l, 0<a(c)<l.

Definition 6 : A function f(z) that is analytic in the open unit disc {z/|z|< 1} and univalent

in open disc {z/|z|<c <1} with f(0) =0, f/(0) =1 is said to be star like function of order «(c) if

zf(2)
Re [f( ) }>a(c), |z|]<c<1, 0<ea(c)<l1.

Theorem 3: |If f(2) is star like function of order « =1, then (z+1)f(z) is star like function

of order ¢ =¢c<0.5
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Proof : Let f(z) is star like function of order a =1.

Re[%}>l,

f(z) is analytic in the open unit disc {z/| z| < 1} with f(0)=0, f(0)=1
and f(z) is univalent in the open disc {z/|z|<r <1}

Put g(z)=(z+1)f(2) =
0'(2)=(z+1)f(2) +f(z) will exist since f(z) is analytic,
{and 0(0)=1f(0)=1x0=0,
g'(0)=(0+1)f(0)+f(0)=f(0)+0=1,
{and g(z) is analytic in the open unit disc {z/]z|<1}.
Taylor series of f(z) about the origin is f(z)=Y¢ ,a,z" =7+ Y5, a,z
= ()= z+3r,a¢]=2% + Tp,a!
=  (z+Df(2)=22+Yr,a ¢t + 2+ Y7 ,a,7
=72+ 22+ Y70 a2 e YR a2
=72+ 22+ Y a2 e, + Y a =2+ (1+a,) 22 + X0 (A, +ay )z
Put 1+a,=b,, a_,+a =b (k=3,4,5--).
Thus g(z2)=(z+1)f(z)=z+ X5, b, z¥.
Let z,#2z,, wehave z,-2z,20 = |z;-72,|#0 = 0<]|z-17].
Let p=|z,|<|z,=r<1 = 0<r—p=|z,|-|z|<|z;, —z,| by triangle inequality.
Consider
9(z1) - 9(z,) = (z, + DF(z2)) = (2, + DF(2,)
=[z, + ZkLb 2 ][z, + Tk bzt ]
=2, -2, +[ZF b2k - TP, bzk =2 — 7, + TP b [2F - 2X]
By triangle inequality, |z, -z, + Xpb 2k —25]| 2 12, - 2, | - | =L b [ 2 - 2X]|
= 19(z)-9z)| 212 -, || Zib[z - 2] = r - p-| SR [z - 2]
Consider
|Ziab [zl - 2] < Sl 2 ¢ +12, < il b [Ir + r¥ ] = 25,1 by [ r.
Note that f(z)eU = lay | <1 (k=2,3,4,---) by Theorem 2. Then
|b,|=|1+a,|<1+|a, |<1+1=2, b | =]ay +a | <la | +]ag | <1+1=2.
Thus we have
| S b [z - 25]| <22, by [ r& <23p,2rk =4y, rk
Thus we have

l9(z,)-09(z.)| 212, - 7, |_|Zﬁ0:2bk[zl1( _Zg]l Zr—P“l‘Z?:zrk
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2
ie. |g<zl)—g(z2)|zr—p—4ﬁ=r[l—4ﬁ}p

Observe that

Consider

r r r
< 4 4 L
0_p<l‘[1 41—r} = 1 41—r>0 = 1>41_r
= 1-r>4r (0<r<1 = -r>-1 = 1-r>1-1=0)
= 1>5r = 5r<1 = r<0.2

Thus, for 0<p=]|z,|<]|z,]=r<0.2, wehave

2
loz)-0@) 2r-p-t=r[1-ar | ps0 5 gz)<0()

Thus g(z) is univalent in the open disc {z/|z]<0.2<1}.

We have
1 z[(z+1)f(z)+f(z)] (z+1)z2f(2) +2f(z) _2f(2) 2
(z+Df(2) dz RO (z+ )f(2) (z + )f(2) fz) z+1
Consider
2f(z), z | zf(2) z | z+1-1
Re[ o) +z+1} Re[ iz )}rRe[ 1J>1+Re[mJ_1+Re[ ] J
. [ z 1 1
l1.€. Re mdz[(Zﬁ'l)f(Z)]}>1+Re|:1—?i| 1+1—Re|:mj|
1 1 o 1+X—1y
i.e Re —(z+1)f(z) & [(z+1)f(z)]}>2 Re[x+zy+1}_2 Re[—(1+x)2+y2}
: 1 1+X
l1.e. Re m dz [(Z+1)f(Z)]j|>2—m
Let |z|<c<1l = |zf<c*<1l =  xX*+y?<ci<«1
= X*<x*+y*<c*<1l = -1<-c<x<c<l =  0<l-c<l+x<l+c<2

But  0<(1+x)*<(1+x)*+y?

11 - 1+x  _1+x _ 1 _ 1
(1+x)?+y*  (1+x)? (1+x)2+y> (1+x)?* 1+x 1-c
__1+x 1 N oo 1¥x 5, 1 _2-2c-1_1-2¢
(1+x)*+y* 1-c (1+x)* +y? 1-¢ 1-c 1-c

Thus we have

1 1+X 1-2c
Re [—(z+1)f( Al [(Z+1)f(z)]}>2_(1+x)2+y2> T ¢ >0.

for 1-2c>0 or 1>2c or 2c<1 or c¢<0.5<«1.
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c=02<05<1 = 1=2c_1-2(02) 06 _

- _06_3
1-¢c 1-0.2 08 4
Hence g(z)=(z+1)f(z) is star like function of order o = 47'3

inthe opendisc |z|<0.2<1.//

Definition 6 : Hadamard product (Convolution) of two analytic functions f(z) = Y, a, z¥

in the open disc|z| <1, and g(z) = X¢_,b,z¥ inthe opendisc | z| <, is denoted by fxg and is

defined as an anlytic function (f*g)(z) = Xi_,acb.z* in the open disc | z| < n,.

Theorem4: LetL(z)=z(1-2z)". Then s,(z,L) (n=2,3,4
|z]<0.25

,-++) is cap like function in disc

Proof: L(z)=z(1-2)'=zY¢ ,2¢=p """ =35 2%
where g =1 (k=2,3,4,---). Then we have

=Yiaf =2+ 37,82

n n n-1 _ 7N
s, (z,L)=z+ Y =Y z= Y Xl=z3 S St 2
k=2 k=1 k+1=1 k=0 1-z

- S;(Z,L):(1—z)[1—(n+1)z”]—(0—1)[z—z”“]
(1-2)°
1-z-(n+1)2"+(n+1)z2""+z-z"" 1-(n+1)z" +nz""!
(1-2) 1=y
= logs,(z,L)=log[1-(n+1)z" +nz"*']-2log(1 - z)

By taking the derivative on both sides, we have

si(zL)_0-(n+Dnz" ' +n(n+1)z2" -1 _ (n+Dnz"[-1+2] 2
sn(z,L) 1-(n+1)z" +nz"! 1=z 1-(n+1)2"+nz"™  1-2

Zsr’,’(z,L)_ (n+1)nz"[-1+ 2] N 22 —N(Z)+
si(z,L) 1-(n+1)z"+nz"! 1-z D(z) 1-z

si(z,L) (n+1nz"[-1+2] 2z (n+1nz"[-1+2] 1+z
= 1+z- =1+ =
sa(z,L) 1-(n+1)2"+nz"! 1-z 1-(n+1)z"+nz" 1-2

To simplify the notations, put

N(z)=(n+1)nz"[-1+ 2], D(z)=1-(n+1)z" +nz"*, 1+—§=W=U+N

sa(z,L) N(z)
= @D D)
s)(z,L) N(z) 3 N(z) N(z)
= Re[l z 5 (2 L)} RE[D() W}—RG[D(Z)}+RGW Re[D( )} U erreeneenes (1)
We have
w =% o w-—wz=1+z2 o w—1=2z+wz o w-1=(1+w)z
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Consider

|z|— = < 4lw-1|=|w+1]|

‘W-i—l
& 4lu+rwv-1]=ju+wv+1l] o 16lu-1+wvP =|u+l+wv ]

16[(u—-1)* +v:]=[(u+1)*+v*] <  16[u*-2u+1+V*]=[u*+2u+1+Vv?]

0

o 16U? —32u+16+16V> =u? +2u+1+V? o 15u% —=34u+15+15v> =0

34 17 (17 (17 -
& u? 1—5u+1+v =0 & u? 21—5 (15) (1—5) +1+ve=0

u_ 17)2+V2 289 1:289—225:ﬁ=(§)2
15 225 225 225 \15

_17 .8 _25 17 8 _9
15715 15 15 15 15°

Hence it is clear that the Mobius (Bilinear) transformation

=1+z
1-z

maps the circle |z|=4"" in xy-plane into the the circle
17\, _( 8 )2
(“ 15) N

in uv-plane such that the line segment AB on u-axis (v=0) is a diameter where

r- (- w0 500

Observe that  |N(2)|=|(n+1)nz"[-1+z]|=(n+D)n|z"| |[-1+z|<(n+Dn|z|" [1+]z]]
= IN@|<(+Dn|z["[1+|z]]<(+Dn (4" [1+4 ]=(n+1)n4 " [4+1]

=  |N(2)|<5(n+1)n4™1  for |z|=4"

Consider |nz™t —(n+1)z" | < | nz" | +]|-(n+1)z" | =n|z" +(n+1) | z|"
Put |z|=4" = |nzZ"™-(n+1)z"|<n4 "+ (n+1)4"<1
=  —|nz™-(n+1)z"|>—n4 " —(n+1)4" > -1

=  1-|n"-(+1)z"|21-n4" - (n+1)4">1-1=0
But  |D(2)|= |[1+nz" —(n+1)z" | >1-|nz"*' —(n+1)z"| >0

1 1 _
= < for |z|=47".
ID(2)| " 1—n4"! —(n+1)47" 2]
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Thus we have, for |z|=47",

IN@|_IN@)|__ S(n+Dn4™" _ Sn+Dn 3)
ID(z)] ID(2)| 1—n4 "' —(n+1)4" 4" —n—(n+1)4 '
Observe that
PN 5(n+1)n _5(2+1)2  _ 103)  _10@3) _3
4™ —n—(n+1)4 4*1-2-(2+1)4 64—2-12 50 5
5(n+1)n 23 25_4"™'-n-(n+14_ 4" 1 1 (4)
4™ —n—(n+1)4 5 12= 4(n+1)n  (n+1)n 4(n+1) n '
1 1 1 1 1 1
e 2t 7 Tt Tt 2 e e
for any n=2,3,4,---
n=3 A SO o 82
n(n+1) 3B+1) 12~ 12
Observe that for all integers k
4kt 4k 44 4% 4
k+Dk+2) kk+1D) =  (k+Dk+2) kk+D &  k+2~
& 4k >k +2 < 3k >2
Since 3k >2 for all integers k>1, we have
4kt 4k 4 64
> > > =—.
k+D(k+2) k(k+1) 33+1) 12
Thus we have
n n
4 64 _345.) = 4 1 1,64 ,_ 40 25

nn+1) 12 (n+Dn 4(n+1) n 12 ° 12 12
Thus, from (4), we have

5(n+1)n
4" —n_(n+1)4

.3
5

Thus, from (3), we have

N(z)|< 5(n+1)n
D(z)] " 4™ —n—(n+1)4

We know that |f(z) [=[Ref(2)]? +[Imf(2)]? = [Ref(z)]
=  [Ref@QP<|f@)F =  -|f(z)|<Ref(z)<|f(2)].

<Re[%} = Re[%}>—g.

Therefore, from (1) and (2), we have

Re[1+ zzéygtﬂ = Re{%}+u >—§+§:0.

<3
5

_§S_‘M
5 D(2)

Hence we have

_§S_‘M
5-|D(2)
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It remains to show that 0.25 is maximal radius. This is seen for s,(z,L)=z+z*. Then

sg’(z,L)_1 ,0+2 1+4z

z = -
" s;(z,L) 1327 1422

has singularity at z=-0.25, and thus analytic within |z|<0.25.
Clearly s,(z,L)=z+Y}_,z* is analytic within |z|<0.25, and s,(0,L)=0,
Since s,(z,L)=1+Yp_,kz*, we have s/ (0,L)=1+3p_ ko 1=1,

Hence s,(z,L) is cap like function in the open disc |z|<0.25.//

Theorem5: Let f(z), g(z) are cap like functions and are univalent. Then (f*g)(z) is cap
like function and is univalent.
Proof : Let f(z), g(z) are cap like functions. Then f(z), g(z) are analytic functions in the
unit open disc | z| <1 with donditions f(0) =0 =g(0) and f(0) =1 =g'(0).
Note that {f(z), g(z)}c U since f(z), g(z) are univalent in the unit open disc | z| < 1.
= By Theorem2, |a |<1(k=2,3,4,---) and |b |<1(k=23,4, ).
Taylor's expansion of f(z), g(z) aboutz =0 is given by
f(2) =Yz =a, +a,z+ Y5 az¢ =2+ Y7, 8,2,
9(2)=3r b " =b, +bz+3F b ¢ =7+ X5, b, Z¥.
= (f*0)(2) = Xioad ¥ =agb, +abz + X7 a b 2" =2+ X7, a.b 2
Clearly (f=g)(z) is analytic function in the unit open disc | z| <1 with conditions (f+g)(0)=0
and (fxg)'(0) =1.

Let us consider

2(f+0)' ()], o [2F*0)'(2)
Re[“ 0 } “Re[ 0 }

We know that

2(F+g)"(2)]_|2(F* Q) () 29 @)| o [2(40)"(2)]_|2(0)" ()
Re[ (f*g),(z)}s 0@ | 0 SR‘{ (f*g)'(z)}S 0@ |
By Triangle inequality,
a9y @)| |, 2(F+g)"(2)] _ 2(f9)"(2)
() (2) S‘l () (2) Re[“(f*g)’(z)}
2(f+0)' ()], [2(f*0)'(2) . |2*0)"@)] _|(F* ) (2)|-[2(F*0)(2)
= Re[“ (f*g)'(z)}21 0@ | [(Fr0) () 0 (2)

We have  (fxg)'(z) =1+, a.b ks
= (*0)"(0)=Tiabkk-1)*? = z2(fx0)"(2) = T akbck(k -1)z¢
= [2(f*9)"(2)| =] i acbck(k - 1) 24 |
<Yiolag b [k(k=1) |z < 3R,k (k—1) |z [
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Put

lzl=r = |2(f*9)"(2)] < Tk (kP k) rE

By Triangle inequality, — 1—|Xi,abkz" | <|1+ X, abk 4| =|(F*g)(2)|

= [(f*0)(2)|21- | Zr akbck 27 |

But

| Sk-oakbyk AR |< Tl ay by [k |z |k_1 <Yk=1k|z |k_1 =Kok rk-t

= |(fxg)(@)|21-|Ziabk ] >1-Yp krk?

= |(F*0) (@) —|2(f*9)"(2)] 2 1 - X,k rk ™ =3, (K —k) r* Tt =1k rk,
We have

Sk rk = [k(k—1) + K]k = S k(k 1) rt 4 3 krk

i.e.

= TR k(k = 1) r Tt + Sk = r SRk (k=1 r T+ ik

© 2 © 2 o © 2 0
eokerktory ok sk 4 S, d r":[rd—+£} r
Zke kzzlzdt‘2 kzzlz r dr? kzz:z dr kzzlz dr? dr 2

k=2
wzk—l_ii[oo k__}_ii[i__]
Y kAr _[r r2+dr} kéor 1-r|= rdr2+dr 1-r 1-r
o 2 k1 _p 2 N 1 _1=2r+1—r_1= r+1
ez - faor sy T asry

Thus we have

(Fx0)(2)] —|z(F*g)"(2)| 21— S kerkt =1 THL g _p T4

- 7 a-ry
We have
-l e o2s L 2(1-rp >r+1
1-r 1-r)
< 1-r*=-3r1-n]>r+1 < 2-2r-6r+6r’>r+1
o 1-7r+6rP-2>0 o 1-7f46L-2L.0 (Rr=1, R>1 since r<1)
R R* R®
< R-7R*+6R-2>0 <« R*-7R’+6R>2 <<  R(R*-7R+6)>2
2= R(R-1)(R-6)>2
Let us consider R(R-1)(R-6)>2
.. 1 1 1
= R>6 (“R>1) = F>6 = r<g = |Z|<5<1
Thus, for |z|<67'<1, we have
' " r+1
|(F*9)'(2)] - [z(f+9)"(2)| = 2~ ;>0
(1-r)
Z(f*g)”(Z)} |(F*9)'(2)| —|2(f* 9)"(2)|
= Re[1+ - > - > 0.
(f=9)'(2) |(F*9)'(2)]
Hence (f*g)(z) is cap like function in the opendisc|z|<67! <1.
Let z,#2z,, wehave z,—-7,#0 = |z, —z,| #0 = 0<|z,-2,].

http://www.ijritcc.org



http://www.ijritcc.org/

Let p=|z|<|z,]rr<1 = 0<r-p=|z,|-]z;1<|z; —2z,| by triangle inequality.
Consider
(Fx0)(z,) — (F*9)(z,) = 2, (F* ) (2,) — 2,(F* ) (2,)
=[z, +Yr,abke] -z, + Xi, kab 2K ]
=7, -2, +[Z kab 2k -3 kab ¥ | = 2, — 2, + T kagb [z — 2X]
By triangle inequality, |z, -z, + S kab[zX = 2X]| 2120 — 2, | - | =i, kaby [z - 2X]|
= |(fxg)(z) - (F*0)(2)| 2 | 2 — 2, | - | Tk kagb [2f - 25 ]| = 7 — p-| S kay [2f - 2f]|
Again by triangle inequality; andsince |a,|<1, |b |<1; we have
| 2R kab [zt - 25 ][ < ke, [ ke [2f — 25 ]| = SRk a1y I 25 - 25 |
<SR 1 [z | +125 ]
=Skl F +lz [T ZRo[r  +r¥]
since |z,| <]z, | =r.
2

2
e |Tikalz-all<esi, -2 = -|sikada-]l> -2

w 2r? 2
= [(Fr0)(z) — (F0)() 2 F - p- | TP ka2 — 2] | 2 v p— 2 =r[1——r}—p

1-r 1-r
Observe that
2r 2r
L -~ >
r[l 1—r} p>0 & r[l 1_r}>p_0
Consider
2r 2r 2r
< _ = _ = ki
0_p<l’[1 I—J = 1 1—r>0 = 1>1_r
= 1-r>2r (0<r<1 = -r>-1 = 1-r>1-1=0)

= 1>3r = 3r<1 = r<3?
Thuswehave  0<p=|z|<]|z,|=r<3"

Thus (f*g)(z) is univalent in the open disc {z/|z|<3 <1}.//

Theorem6: Let f(z)=z+Y7 ,a,z" is cap like function. Then s,(z,f)=z+Y}_,a,z* are cap
like function in the open disc |z]|<0.25.
Proof: L(z)=z(1-2)"' =235 zX =Yr 2 =5 ¢ =3 2k =z+ Y5 8,2
where g =1 (k=2,3,4,---). Then by Theorem 4,
s,(z,L)=z+3X]_,z* is cap like function in the open disc |z|<0.25.
Replace z by 0.25z in s,(z,L), then s,(0.25z,L)=0.25z+3)_,(0.25)“z" is also cap like

function in the open disc |0.25z|<0.25 i.e. |z|<1.
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By hypothesis, f(z)=z+Y{,a.z" is cap like function in the open disc |z|<1.
Convolution of f(z), s,(0.25z,L) is f(Z)*Sn(O.ZSZ,L)=0.252+ZE:2ak(0.25)ka.
By Theorem 4, convolution of two cap like functions is cap like function.
Hence f(z)*s,(0.25z,L) is cap like function in the open disc |z|<1.
Replace z by 4z in f(z)*s,(0.25z,L), then

f(42)*s,(0.25x47,1)=0.25x 42+ Y} _,a,(0.25)" (42) =2+ ¥}_,a,z*

is cap like function in the open disc |4z|<1 i.e. |z|<0.25//

http://www.ijritcc.org



http://www.ijritcc.org/

