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Introduction:  We know that a complex valued function is said to be regular or analytic in a domain D (a non-empty open 

connected subset of the complex plane £ ) if it has a uniquely determined derivative at each point of D.  

 

Definition 1: A function ( )f z is said to be a univalent in a domain D if f( ) f( )z z1 2 for all { , } Dz z 1 2  
with z z1 2 . 

A necessary condition for analytic function f( )z to be univalent in D is f ( )z 0  in D. This condition is not sufficient since 

f( ) zz e  is clearly not univalent since f( ) f( )e e      0 20 1 2  but f ( ) zz e  0 . 

By Riemann mapping theorem, one function may map any simply connected domain onto the open unit disc in a one-one 

conformal manner. Hence, without loss of generality, we confine our attention to the functions that are univalent and analytic in 

the open unit disc | |{ }z z 1 . 

Notation: We denote by U  the class of functions f( )z  that are analytic in the open unit disc | |{ }z z 1 and are univalent 

in an open disc | |{ }z z r 1  with the conditions f( ) , f ( ) 0 0 0 1 . 

 

BEIRBARBACH Conjecture: In 1916, BEIRBERBACH proved that | |a 2 2 for every f( )z  in U whose Taylor’s 

expansion about the origin is f( ) k
kkz z a z

  2 .He also showed that | |a 2 2  for the function f( ) ( ) , | |z z z   21 1

, which is known as KOEBE’s function. Note that singularity of KOEBE’s function is z   1  which is outside the open unit disc

| |{ }z z 1 since | | | || |z     1 1 1 ; thus KOEBE’s function is analytic in the open unit disc | |{ }z z 1 . And 

f ( ) ( )( ) ( ) ( )( )z z z z          3 22 1 1 2 1
 
implies f ( ) ( )( ) ( ) ( ) .          3 20 0 2 1 0 1 1 0 1

 

Clearly f( ) .0 0  So KOEBE’s function is in U.  

Motivated by the extremal property of the KOEBE’s function, BEIRBERBACH conjectured that

| | ( , , , )na n n 2 3 4  for every f( )z  in U . This is known as BEIRBERBACH conjecture which is a challenging 

problem in mathematics that took almost 70 years to prove it. In 1985, LOUIS BRANZES  has proved the conjecture in full. 
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By hypothesis,  is cap like function  in  the  open  disc .
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