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1. INTRODUCTION 

    A semiring is an algebraic structure in which we can add 

and multiply elements, where multiplication distributes over 

addition. 

    The most familiar examples for semirings in classical 

algebra are the semiring of non-negative integers or the 

semiring of nonnegative real numbers with ordinary 

operations of addition and multiplication. The first examples 

of semirings appeared in the work  of Dedekind [1]. But, 

then, it was the American mathematician Vandiver who 

used  the term “semi-ring” in his 1934 paper for introducing 

an algebraic structure with two operations of addition and 

multiplication such that multiplication distributes on 

addition [2]. 

    One of the classic areas of mathematics in which 

semirings arise is the theory of formal languages. A formal 

language is any set of words (finite strings of symbols) 

taken from a fixed finite set, called the alphabet. The set of 

all languages from a fixed alphabet can be viewed as a 

semiring where addition is the union of the languages and 

multiplication is the concatenation of the languages. Such 

semirings have applications in logic and theoretical 

computer science. 

    As a subset of all languages the set of regular languages is 

closed under union and concatenation, so is a semiring. By 

the famous result of Kleene, the regular languages are 

precisely the languages accepted by automata [3]. The 

operation of an automaton can be simulated by repeatedly 

multiplying the Boolean matrices that encode its rules [4]. 

This means that the study of regular languages boils down to 

considering finite collections of matrices over the Boolean 

semiring    {0,1} where addition is maximum and 

multiplication is minimum. 

Tropical algebra is a relatively new area of mathematics 

which brings together ideas from algebra, order theory and 

discrete mathematics, and which has numerous applications 

in scheduling and optimization, formal language theory, 

numerical analysis and dynamical systems. Here the primary 

objects of study are the tropical semirings. The tropical 

semirings based on either the non-negative integer, the 

integer or real numbers, but with unusual semiring 

operations. Specifically, addition is either maximum (or 

minimum) and multiplication is usual addition. 

    Let’s move to studying of compact  monothetic semirings. 

We give, initially, the necessary definitions, notions and 

designations.  

BASIC DEFINITIONS AND PRELIMINARY RESULTS 

Definition 1. Semiring is an algebraic structure < 𝑆, +, ∗> 

where S is a set, < 𝑆, +> and < 𝑆, ∗> are semigroups (i.e., 

both operations, addition “+"” and multiplication " ∗ ", are 

associative) and those operations satisfy the laws of 

distributivity for both sides: 

𝑎 ∗ (𝑏 + 𝑐) = 𝑎 ∗ 𝑏 + 𝑎 ∗ 𝑐  and  (𝑎 + 𝑏) ∗ 𝑐 = 𝑎 ∗ 𝑐 + 𝑏 ∗

𝑐, for any 𝑎, 𝑏, 𝑐 ∈ 𝑆. 

The concept of semiring in this form was introduced by 

Vandiver in 1934 [2]. Sometimes we will suppose that a 

semiring S has the neutral element 0 (zero) relatively the 

addition or/and has the neutral element 1 (unit) relatively the 

multiplication and 0 ∗ 𝑥 = 𝑥 ∗ 0 = 0 for any  𝑥 ∈ 𝑆. 

Definition 2.  If  < 𝑆, ∗ >  is a group then a semiring < 𝑆,

+, ∗>  is named semifield. 

Definition 3. Semigroup S is named cyclic (monogenic) 

semigroup if it is generated by an element 𝑎 ∈ 𝑆 (i.e,  

    𝑆 = {𝑎, 𝑎2, ⋯ , 𝑎𝑛 , ⋯ }) and this fact is denoted 

by 𝑆 = (𝑎). 
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There exist two cases: 

i) S is an infinite. 

ii) S is a finite 𝑆 = {𝑎, 𝑎2, ⋯ , 𝑎𝑘 , ⋯ , 𝑎𝑘+𝑛−1 } 

where ak = ak + n.  In this case S is named the 

cyclic semigroup of type (𝑘, 𝑛). 

Definition 4. Semiring < 𝑆, +, ∗> is named 

(multiplicatively) cyclic semiring if < 𝑆, ∗> is a cyclic 

semigroup. If < 𝑆, ∗> is generated by element 𝑎 ∈ 𝑆 we 

will write 𝑆 = (𝑎). If S has a unit 1 then 𝑆 = {𝑎𝑛 | 𝑛 ∈ 𝑁0} 

and 𝑎0 = 1. 

The semiring S with multiplicative semigroup of type (𝑘, 𝑛) 

is named the cyclic semiring of type (𝑘, 𝑛). 

Cyclic semifield {𝑎𝑘, ⋯ , 𝑎𝑘+𝑛−1} is named cycle of the 

cyclic semiring of type (𝑘, 𝑛). 

    In this work we will consider only multiplicatively cyclic 

semirings. Thus, further we will omit the term 

multiplicatively. 

    So, any finite cyclic semigroup that is not a group has the 

form: 

𝑆 = {𝑎, 𝑎2, ⋯ , 𝑎𝑘 , 𝑎𝑘+1, ⋯ , 𝑎𝑘+𝑛},    𝑘, 𝑛 ∈ 𝑁 and  

𝑎𝑘+𝑛+1 = 𝑎𝑘+1;              (1) 

or,  𝑇 = {1, 𝑎,⋯ ,  𝑎𝑘 ,  𝑎𝑘+1, ⋯ , 𝑎𝑘+𝑛−1}, 𝑘, 𝑛 ∈ 𝑁 and  

𝑎𝑘+𝑛 = 𝑎𝑘.                    (2) 

If we set on multiplicative semigroups S and T, all 

operations of addition transform S and T into a semiring and 

we will get all finite cyclic semirings of the case (1) or the 

case (2). 

    ijection 𝑎𝑚 ↔ 𝑎𝑚−1, 𝑚 ∈ 𝑁, between semirings (1) and 

(2) transfer the operation of addition of (1) to (2) and vice-

versa. 

   The semirings obtained from (1) and (2), S and T has 

isomorphs cyclic semifields {𝑎𝑘+1, 𝑎𝑘+2, ⋯ , 𝑎𝑘+𝑛} and          

  {𝑎𝑘 , 𝑎𝑘+1, ⋯ , 𝑎𝑘+𝑛−1} respectively. 

Theorem 1. ([5]). Between a class of all finite cyclic 

semirings without unit and a class of all finite cyclic 

semirings with unit, exist a natural bijection. 

    Later on we will consider semirings without unit. 

Definition 5. A semiring S where < 𝑆,+> is an idempotent 

semigroup (i.e.,     𝑥 + 𝑥 = 𝑥 for any 𝑥 ∈ 𝑆) is called 

idempotent semiring. 

The operation of addition, called left (or right) if  𝑥 + 𝑦 = 𝑥 

(or  𝑥 + 𝑦 = 𝑦) for any 𝑥, 𝑦 ∈ 𝑆. 

If < 𝑆,+ > is a commutative idempotent semigroup then <

𝑆,+ > becomes upper semilattice under the relation of order   

𝑥 ≤ 𝑦 ⟺ 𝑥 + 𝑦 = 𝑦  for any  𝑥, 𝑦 ∈ 𝑆. 

     Let S be a cyclic semiring 𝑆 = (𝑎). There, is easy to 

identify that S is an idempotent semiring if 𝑎 + 𝑎 = 𝑎 (or 

 1 + 1 = 1, if S has unit). 

   Now we will need to give the description of the structure 

of discrete infinite cyclic semirings received by Vechtomov 

[6], [7]. 

Theorem 2. 

i) Infinite cyclic semirings with commutative 

addition are isomorphic one of the following 

two cases: 

a) (𝑁,𝑚𝑎𝑥,+ ); 

b) (𝑁,𝑚𝑖𝑛, + ). 

ii) In the infinite cyclic semirings with 

noncommutative addition, the addition is 

idempotent and is either left or right. 

Definition 6. Let S be a topological space and 𝑋 ⊆ 𝑆, by 𝑋̅ 

we will denote a closure of subset X in a topological space 

S. If S is a semigroup and Hausdorf topological space where 

an operation is continuous then S is a topological 

semigroup. A topological semigroup S is said to be a 

monothetic semigroup if S is a closure of a cyclic semigroup 

(i.e., 𝑆 = (𝑎)̅̅ ̅̅  for some element 𝑎 ∈ 𝑆). 

    From here, we will, now, reduce the description of the 

structure of a compact monothetic semigroups belonging to 

E. Hewitt. 

Theorem 3 [8]. A compact monothetic semigroup S has one 

of the following three characteristics: 

i) S is a compact monothetic group 𝑆 =

{𝑎, 𝑎2, ⋯ , 𝑎𝑛, ⋯ }̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅; 

ii) S contains a compact monothetic group                        

𝐻 = {𝑏, 𝑏2,⋯ , 𝑏𝑛, ⋯ }̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ with generating element 

b, unit element e of H and a finite number of 

distinct discreet elements 𝑎, 𝑎2, ⋯ , 𝑎𝑠 which 

don’t belong to 𝐻, 𝑆 = 𝐻 ∪ {𝑎, 𝑎2, ⋯ , 𝑎𝑠}, 

𝑎𝑒 = 𝑏 and, 
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{
 
 

 
 𝑎𝑖 ∙ 𝑎𝑗 = 𝑎𝑖+𝑗;  𝑖𝑓 𝑖 + 𝑗 ≤ 𝑠 

𝑎𝑖 ∙ 𝑎𝑗 = 𝑏𝑖+𝑗;  𝑖𝑓 𝑖 + 𝑗 > 𝑠

𝑎𝑖 ∙ 𝑥 = 𝑏𝑖𝑥;  𝑖𝑓 𝑥 ∈ 𝐻, 𝑖 = 1, 2,⋯ , 𝑠

𝑥 ∙ 𝑎𝑖 = 𝑥 ∙ 𝑏𝑖;  𝑖𝑓 𝑥 ∈ 𝐻, 𝑖 = 1, 2,⋯ , 𝑠

 

iii) S contains a compact monothetic group                  

𝐻 = {𝑏, 𝑏2,⋯ , 𝑏𝑛, ⋯ }̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ with generating element 

b, unit element e of H, and infinite number of 

distinct discreet elements 𝑎, 𝑎2, ⋯ , 𝑎𝑠 , ⋯  

which don’t belong to 𝐻, 𝑆 = 𝐻 ∪

{𝑎, 𝑎2, ⋯ , 𝑎𝑛⋯}, 𝑎𝑒 = 𝑏 

 

{

𝑎𝑖 ∙ 𝑎𝑗 = 𝑎𝑖+𝑗

𝑎𝑖 ∙ 𝑥 = 𝑏𝑖𝑥;  𝑖𝑓 𝑥 ∈ 𝐻, 𝑖 = 1, 2,⋯

𝑥 ∙ 𝑎𝑖 = 𝑥 ∙ 𝑏𝑖;  𝑖𝑓 𝑥 ∈ 𝐻, 𝑖 = 1, 2,⋯

 

Let 𝑥 ∈ 𝐻 and 𝑉(𝑥) any neighborhood of x in H and            

𝑊𝑛(𝑥) = 𝑉(𝑥) ∪ {𝑎
𝑖  | 𝑖 ≥ 𝑛  𝑎𝑛𝑑 𝑏𝑖 ∈ 𝑉(𝑥)}. 

A family of all sets 𝑊𝑛(𝑥) forms completely a system of 

neighborhoods of x in S. 

Definition 7. 

i) A semiring < 𝑆, +, ∗ > is a topological 

semirng if S is a Hausdorff topological 

space and both operations, addition “+” 

and multiplication “∗” are continuous. 

ii) A topological semiring S is a 

(multiplicatively) monothetic semiring if 

there exists a generating element 𝑎 ∈ 𝑆 

such that 𝑆 = (𝑎)̅̅ ̅̅ . 

2. BASIC LEMMAS 

  Now, we will state and prove the   following lemmas: 

 

Lemma 1. Let S be a topological semiring, and R be a 

subsemiring of S, then 𝑅̅ is a subsemiring of S. 

 

Proof. Assumed that exists two elements x, y ∈R̅ and xy =

z ∉ R̅. Let V(x), V(y), V(z) be neighborhoods such that 

V(x)V(y)⊆V(z) and V(z)⋂ R̅=Ø. But exists, x1∈R⋂V(x), 

y1∈R⋂V(y) and, x1y1∈R⋂V(z). Thus, we received a 

contradiction. (The proof about addition is similar). 

 

Lemma 2. Let S be a topological semiring and R an 

idempotent subsemiring of S, then, 𝑅̅ is an idempotent 

subsemiring of S. 

 

Proof. By Lemma 1, 𝑅̅  is a subsemiring of S. Now, we will 

suppose that R is an idempotent subsemiring of S, and that 

exists x ∈ 𝑅̅  such that x+x=y≠x. Therefore, there exists the 

neighborhoods V(x), V(y) such that V(x)⋂V(y)=Ø and 

V(x)+V(x)⊆V(y). Thus, lets x1∈R⋂V(x), then, 

x1+x1=x1∈V(x)⋂V(y), which lead us to a contradiction. 

 

Lemma 3. Let S be a topological semiring, and R be a 

commutative (relatively to addition) subsemiring of S. Then, 

𝑅̅ is a commutative (relatively to addition) subsemiring of S. 

 

Proof. Let S be a topological semiring, and R be a 

commutative (relatively to addition) subsemiring of S. By 

Lemma 1, 𝑅̅ is a subsemiring of S. Now, supposed that 

exists x, y ∈ 𝑅̅ such that x+y≠y+x. Let be x+y=z1 and 

y+x=z2, with z1≠z2. Let V(x), V(y), V(z1), V(z2) be the 

neighborhoods of x, y, z1, z2, respectively such that 

V(z1)⋂V(z2) = Ø;   

V(x)+V(y)⊆V(z1); V(y)+V(x)⊆V(z2). So, there exists, 

x1∈R⋂V(x); x2∈R⋂V(y); x1+x2=x2+x1∈V(z1)⋂V(z2). 

Therefore, we receive a contradiction. 

 

Lemma 4. Let S be a topological semiring and R be an 

idempotent subsemiring of S, with left (right) addition, then 

𝑅̅  is an idempotent subsemiring of S with left (right) 

addition. 

 

Proof. By Lemma 2, 𝑅̅ is an idempotent subsemiring of S. 

And supposed that R has left addition, let x,y,z∈𝑅̅  and 

x+y=z≠x. Thus, there exists V(x), V(y), V(z) the 

neighborhoods such that, V(x)+V(y)⊆V(z) and V(x)⋂V(z)= 

Ø. Let x1∈R⋂V(x), y1∈R⋂V(y), then, 

x1+y1=x1∈V(x)⋂V(z); which is a contradiction. (The case 

with right addition can also be proved similarly). 

 

Lemma 5. Let S be a topological semiring and R be a 

commutative (relatively to addition) idempotent  

subsemiring of S, where <R, +> is a chain relatively  the 

order x≤yx+y=y  for all x, y of S. Then, <𝑅̅, +>, is a chain 

relatively to the order, x≤yx+y=y, for all, x, y of S. 

 

Proof. By Lemmas 2 and 3, R* is a commutative (relatively 

to addition) idempotent  subsemiring of S. So, we shall 

prove that 𝑅̅ is a chain relatively to the order, x≤yx+y=y,  

for all, x, y of S. Supposed that x, y, z ∈ 𝑅̅ and x+y=z≠x, 

z≠y, x≠ y. There exists V(x), V(y) and V(z) the 

neighborhoods, such that, V(x)+V(y)⊆V(z) and 

V(x)⋂V(z)=V(y)⋂V(z)=Ø. So, there exists x1∈R⋂V(x), 

y1∈R⋂V(y) and x1+y1=x1 or x1+y1=y1. There, we get to a 

contradiction, which, means that, <𝑅̅,+> is a chain relatively 

to the order x≤yx+y=y,  for all x, y of S. 
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3. MAIN RESULTS 

 

    From Lemmas 4 and 5 and Theorems 1 and 2, follows 

Theorem 4, as the description of a compact monothetic 

semiring. This result was announced in [12]. 

 

Theorem 4. Let S= <S, +, ∗>, be a compact monothetic 

semiring. Then be realized one of the following two cases: 

i) S is a discrete finite cyclic semiring; 

ii) <S, ∗>, is a non-discrete compact monothetic 

semigroup and, <S, +>, or  has left addition 

(x+y=x, for all, x, y of S), or has right addition 

(x+y=y, for all, x, y of S) or, <S,+>, is a chain at 

the relation of order, x≤yx+y=y, for all x, y of S. 

 

    By the theorem well-known how alternative of Pontryagin 

a locally compact monothetic group is a discrete or compact 

[9]. 

 

    The question about alternative of Pontryagin for locally 

compact monothetic semigroups has been open for a long 

time. For example, the author formulated this problem in 

[10].  

 

    In [11], it is presented the example of a non-discrete and a 

non-compact locally compact monothetic semigroup. And, 

if we introduce in this semigroup the left addition, it will be 

transformed into a non-discrete and a non-compact locally 

compact monothetic semiring. Therefore, also we have 

theorem 5. 

 

Theorem 5. There exists non-discrete and non-compact 

locally compact monothetic semirings. 

 

4. CONCLUSION 

    In  the future, we should begin to study so-called single-

generated semirings. Such are, for example, the factor-

semirings of semiring of polynomials in one variable with 

non-negative integer coefficients. 
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