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Abstract—In this paper, based on the Gauss-Jordan elimination to solve linear systems, the algorithms for finding all the magic matrices of
size 4 by 4 are developed and discussed, and the efficiency of the algorithms is tested after complementing the algorithms in MATLAB. The

total magic matrices of 4 by 4 can be found with the program; for completeness and explaining the algorithms, the case of 3 by 3 is also
included.
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I INTRODUCTION To make it clear, the following matrix of 3 by 3
A n by n magic square is a square array of the numbers

2
from1to M in which each row, each column, and the two

o - . is a magic square if all the elements
main diagonals sum to the same number. The first clear magic XK
square
X4 X5 X6
, denoted as M, was described in the Ta Tai Li-Chi AP i
4 9 2 7 "8 7o
3 5 7 are a permutation of integers from 1 to 9,
8 1 6 Xq 0 X sees Xg

compiled in the first century A.D. from older sources and the ~ and all the sums of each row, each column, each diagonal are
invention of the magic square is a attributed to the Chinese by ~ €qual.

Schuyler Cammann [2]. Examples were also found in Arab
and Indian cultures around the 7th century A.D. For a long
time, magic squares have been investigated by many
mathematicians from different approaches. The basic interest
is to find all the magic matrices of different sizes. Here, we
like to call a magic matrix as a magic square in order to For a magic matrix above, the conditions can be written as
different from the magic cubes in a 3-D spaces. For more g [inear system: AX =b, where

reference, see [4], [5], [5] and [10]. In this paper, we will

propose a very efficient algorithm to find all magic matrices

of 4 by 4, the main tool we use is the Gauss-Jordan elimination ]
to solve a linear system; to complement the algorithm, we use
MATLAB, a powerful soft ware for scientific computing.
MATLAB has been extensively used in teaching in colleges
or even high schools, research and industry.

We know the sum of integers from 1 to n is n(1+n)/2; it
follows that the sum of integers from 1 to 9 is 45, and then the
sum of each row in a magic matrix of 3 by 3 is 15. This
number 15 is called the magic number of the 3x3 square.

Magic squares, or magic matrices provide us good topics
for undergraduate research, through this paper, we hope to
communicate with mathematics professors in advising
undergraduate students to do research as well as undergraduate
students. - -
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b=[15,....,15]"

We will mainly works with the augmented matrix

Ab Ax=Db
[ ], which is of size 8 by 10. The system is

overdetermined: it has 9 unknown and 8 equations; besides,
we are look for integers solutions, also a permutation of
integers from 1 to 9.

Similarly we, have the definition of a magic matrix of 4 by
4, which has its magic number 34, and the linear system

Ax=Db
, Where A has a size 10 by 16, X and b have a same
size 16 by 1, and each elementin b is 34 .

Il.  MAGIC MATRICES OF RANK THREE

For completeness, we like to cover the algorithm to get
all the magic matrices of 3 by 3; this case is easy to
understand and can be also intuitive to the case of 4 by 4.

For a magic matrix of size 3 by 3, there is a simple fact:

X = b5,

Actually, taking out two diagonals, the 2™ row and 2™
column, summing up the all elements in these 4 vectors, in this

sum, all elements are counted once except x5, which is

counted 4 times. On the other hand, we know the total sum of
a magic matrix is 45 and each vector has a sum 15, therefore,

we have 45 3x, = 4*15, which gives Xg = 5.

With this fact, the system AX =D can be reduced to a

new system with 8 unknowns. We need to solve Cx=d ,
where

1N /PN 0 0
0001 1 0 0 O
0 0 OWEL. _ONNF TR

c|t 00 10100

101 0 00 0 1 0
001010 0 1
100 000 0 1
001 00 1 0 O

hmwﬁﬂﬂﬂﬂﬂﬁ

d =[15 10 15 15 10 15 10 10]'
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For this system Cx =d , we will mainly work with its
augmented matrix [C, d], and applying RREF (the Reduced

Row-Echelon form) in MATLAB on this matrix [C, d]

Here, let us recall a matrix is in RREF ( [3] ) of a matrix

1. All the rows consisting entirely of zeros are at the
bottom

2. In each non-zero row, the leftmost non-zero entry is a
1. These are called the leading ones.

3. Each leading one is further to the right than the
leading ones of previous rows.

4. The column of each leading one is “clean”, that is all
other entries in the column are 0

We have the Reduced Row-Echelon form of [C, d]:

1 000000 110
0010000 1010
0010004135
00001001 2-0
000010122
0000011 115
0000000 00
00000000 0]

This matrix provide us all the information of the space of
the solution of the linear system Cx=d; the rank of this matrix

is 6, it follows that there are two independent unknowns; here
we just borrow the terminology “independent” in linear
algebra, we need to be aware that for an array to be a solution
to make a magic square, it must be the permutation of integers
from 1 to 9. Anyway, we have the following equations which
provides all candidates for solutions which make magic
squares:
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-

X, =10— X,
X, = 10— Xg
ﬁx3 =5+ X+ X
X, =-10+ Xg+2X,
Xg =20 — Xg — 2Xg
| X; = 15— X — Xq

Based on the structure of this solution space, we have the
following algorithm which can implement in MATLAB
without any difficulty.

1. Forall X

8 and x9 taking all values from 1to 9

2. Using the above equations the calculate the values of
X, Xy, Xg, X4, Xg and X,.

" Check whether the solution vector is a permutation of
integers 1 to 9.

Using this algorithm, we can do the programming in
MATLAB pretty easy and run it to get the solutions in 1

second, it gives 8 different solutions, and they are essentially
the reflection or rotation of matrix M in introductory section I.

Ill.  MAGIC MATRICES OF RANK FOUR

As in the case of 3 by 3, we are dealing with the magic
matrix of 4 by 4 using the Reduced Row-Echelon form. In this
case, the conditions can be written as a linear system: AX=b,
where

A=[1111000000000000;
0000111100000000;
0000000011110000;
0000000000001111;
1000100010001000;
0100010001000100;
0010001000100010;
0001000100010001;
1000010000100001; % first diagonal
0001001001001000]; % 2nd diagonal

b=ones(10, 1);
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b=34*D;
B=[Ab];
RD-= rref([B])

The above expressions are written in Matlab syntax and
will be used in Matlab programming and RD is the following
one.

1000000-10 00 -1 0 -1 -1 -1 -34
0100000-10 1-1-10 0 -1 -2 -34
0010000 10-1 2 10 1 2 2 68
0001000 10 0 0 120 0 0 1 34
0000100 10-1-1 00 0 0 0 0
0000010 10 0 1 10 1 1 2 68
0000001-10 1 0 -1 0 -1 -1 -2 -34
0000000 01 1.2 10 0 0 0 34
0000000 00 00 01 1 1 1 34
10000000 00 00 00 0 0 0 0]

From the Reduced Row-Echelon Form resulted from RREF(B)
in MATLAB, we know the structure of the solution space; it
tells that the rank of this form is 9, it follows that there are 7
independent unknowns; 9 unknowns can be expressed by
other 7 unknowns.

Xy =Xg gy #Xyy X 4K — 34

Xy =Xg = Xyg PXyy HXpp Xy +2X, — 34
X3 == XgHXpg = Xyy = Xpp =Xy = 2yg = 2, +68
Xy == Xg =X, — X5 T34

VX5 == XgXyp Xy &
Xg == Xg = Xqg = Xjp = Xyy ~ Xjg — 2X;s +68

X7 Xg = XXXy

XX X =
xxxx1234

X5 +2x16 -34

9 710 11
(Xyg FXqy PXp5 4% = 34
IV. DEVELOPING OF TWO ALGORITHMS

Algorithm |
Step 1. for all permutation

p p Xg» X107 Xq1 and X1
from 1 to 16 with a sum 34;
Step 2. for all permutation

p p X135 Xq45 Xy and X16

from 1 to 16 with a sum 34;

Step 3. for X8 taking values from 1 to 16 and different from

the above values;
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Step 4. using the above equations to calculate the values

X1y Xy, Xgy Xy Xy Xg and x7;
Step 5. check whether isa
p Xq1 Xy ey X and X16
permutation of 1, 2, ..., 16.
In steps, all the vectors
p [X 0 Xp 0 s X g0 X611

which are permutations will give all the magic matrices of 4
by 4.

In the following, we will make an alteration in the

and
X100 X110 X121
X161 satisfy the same conditions,

algorithm I, we note that [Xg ,

[X13+ X140 X35+
therefore, we may take use of the vectors in step 1 to get the

vector in step 2 and we have the following:

Algorithm 11

Step 1. take all all permutation
P h X9 X901 X471 2

from 1 to 16 with a sum 34 and save them in a matrix as rows ;

and X,

Step 2. take any two disjoint rows in above matrix;

Step 3. for X8 taking values from 1 to 16 and different from
the above values;
Step 4. using the above equations to calculate the values

X s Xy, Xgy Xy Xgy X

SR andx7;

Step 5. check whether is
p Xq0 Xy ey X and X16

2
a permutation of 1, 2, ..., 16.

In algorithm 1I, with all the possible permutations for

[Xgax X X

100 X110 X1 2nd [x

137 %14 15’X16],

we actually have only one independent variable X8, which will
save a lot of time and make the computation much more
efficient!

V. IMPLEMENTATION AND THE SCRIPT FILE

We develop the Algorithms | and Il and implement them
in MATLAB R2007b, a. Besides, all experiments are
implemented under the Windows 8.1 Operating System, 6 GB
RAM and Intel® Core™ 2 i5-4200U CPU. When using
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algorithm 1, it takes about 19.02 minutes to get all the 7040
unique magic squares of 4 by 4; while using algorithm 11, it
only takes 5.91 minutes; also comparing with 45 minutes in
paper [6], it concludes that the algorithm 11 is a very efficient
one. For the convenience of readers, the script file in Matlab is
included in the following.

% this program gives all the magic matrices of 4 by 4 as well
as the total number of magic matrices..
% with the matrices A, b, B, RD in section IlI.

% SSS is a magic matrix and iter is the total number of magic
matrices of 4 by 4

tic
M=(];
fora=1:16
for b=1:16
for c=1:16
d=34-a-b-c;
if 0 <d & d<17
x=[a,b,c,d];
if length(unique(x))==
M=[M;x];
end
end
end
end
end

m=size(M); n=m(1,1); iter=0;
for k=1:n
for p=1:n
C=[M(k,:), M(p.))];
if length(unique(C))==8
for a8=1:16
if sum(C==a8)==0
D=[a8, C];

E=unique(D);
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if length(E)==9
S7=RD(1:7, 17)-RD(1:7, 8:16)*D;
% the first 7 values in a solution

SS=S7; SS=[SS; DJ;
aa=sort(SS);

if aa==[1:16]'
iter=iter+1;
SSS =reshape(SS,[4,4]);

% a magic matrix

end
end
end
end
end
end
end
toc
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