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Abstract: The understanding of the cardboard performance is necessary to the design of packaging containers and the protection of their contents
for safe deliveries. The use of adhesives is unavoidable in the manufacturing of the cardboards. Like all materials, the adhesives have finite
stiffness but when used in the literature, they are assumed perfectly rigid. This study changes this assumption by using the real properties of
adhesives. A closed-form solution for cardboard panelsassembled withnon-rigid adhesives, and subjected to edgewise loading is presented. The
solution satisfies the equilibrium equations of the layers, the compatibility equations of stresses and strains at the interfaces, and the boundary
conditions. To investigate the effects of the finite values of adhesivestiffness on the responses, numerical evaluations are conducted. The results
obtained have shown that the adhesive stiffness has a strong effect on the performance. Beyond a certain level of stiffness, the usual assumption
of perfect bonding used in classical theories is acceptable. This could provide an answer to what constitutes perfect bonding in terms of the ratio
of the fluted layer, or simply flute, stiffness to the bonding stiffness.
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INTRODUCTION
General
The revenues of the global packaging industry are projected to increase from $851 billion in 2017 to $980 billion in 5 years. In this
growing industry, each manufacturer faces its individual unique challenges but shares a common goal with all others; i.e. to deliver
the packages safely to their destinations.This can't be achieved without the necessary knowledge to understand the performance
under the primary compressive load during shipping and storage.In general, corrugated cardboardpanels, referred here as panels,
comprise a liner(s) and a flute that bonded together using adhesives.The panel styles include single liner, single wall, double wall,
and triple wall. The purpose of the liner(s) (also known in the literature as face and skin) is to carry normal stresses resulting from
in-plane deformation whereas the flute (also known in the literature as core) carries shear stresses, keeps the liners apart, and is
responsible for the integrity of the board to protect the contents of the corrugated containers.
Nowadays, significant advances in the development of biorenewable and biodegradable materials have placed them at the forefront
of research and development for alternatives to the environmentally unfriendly materials (3, 7, 11, 12, 22,24, 28, 29, 30, and32).
They have been provenviable for high-performance in harsh loading conditions(2, 23, 31, 33), the use of natural and synthetic
fibers(24, 28, and 29), and the applications of natural adhesives (3 and 8).
Although corrugated board has been used for over a century, research on the panels has been lagging behind its industrial
applications and the literature lacks adequate studies on the effects of adhesives on the performance of panels. For example,
failures have been reported in the interfaces between the liners and flutes where the adhesive is applied, as shown in Fig. 1. To
narrow the gap of the missing information, the author has completed some analytic and experimental studies (19 and 20) in this
area although more work is needed. This paper thus revolves around the existing gape between the fundamental science and the
industrial applied technologies. It presents an accurate analytic model and solution to investigate and characterize the effects of
adhesives on thepanels. This advances the state of knowledge, enhances the clear understanding of how these panels perform and
the key governing variables, and foster future frameworks in the field.
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Fig. 1 Failures of Bonding in Corrugated Cardboard Containers

Analytic solutions

Existing analytic and experimental methods have invariably assumed perfect bonding between layers (1, 25, 26, 23, 31, and 33).
Nevertheless, interlayer slips do occur because of the finite bonding stiffness; the bonds creepunder sustained loads, and
environmental effects. The high local interlayer shear stress due to applied loads may contribute to an answer of the many
delamination problems in structural panels.

Analysis of wood joist floor systems, taking into account interlayer shear deformations due to adhesives, was done by Goodman et
al. (4, 5, 6, and 32). In that study, the wood layer were assembled with nails or by gluing their ends, and although the interlayer slip
in this system was accounted for in the analytical model, transverse shear deformations were neglected. The interlaminar shear due
to plane stress was investigated analytically by Puppo and Evensen (27); and with the finite element method by Isakson and Levy
(212).

Very few publications deal with the responses of panels with interlayer slip or orthotropic materials. In a series of analytic and
experimental studies, the author has investigated the performance of suchpanels with interlayer slips and under various loads (14,
15, 16, 18, 19 and 20). In those investigations, many common assumptions from the literature have been replaced with realistic
ones such as the use of adhesives having finite stiffness; the effects of flute properties and shear deformations on the panel
deformations and stresses; the permission of liners to deform in their own planes. There remains the problem of orthotropic panels,
due to corrugation, with interlayer slip and under edgewise loads.

This paper presents an analytical solution of panels with interlayer slips and under edgewise loads. The solution satisfies the
equilibrium equations of each layer and the compatibility of deformations at the interfaces. The objective is to ascertain the effect
of interlayer slips on the performance of panels due to edgewise loads which are the primary loads for corrugated cardboards
during storage, handling, and transportation.

DESCRIPTION OF PROBLEM

Many studies in this area transformed theflute to an equivalent homogenous one with effective material properties. Consider a
panel of span 2a and width 2b, subjected to in-plane biaxial loads as shown in Figure2. The liners are of equal thickness t;. The
flute of a thickness 2 t..The modului of elasticity of the flute and liners areE,, EcjandEs, and Eg, respectively. The shear modului of
the flute areG,y, Gex, and Gey,. The adhesive between the liners and flute has finite stiffness K, and K,. The load applied to the
panel shown in Figure2 can be on the liner(s), flute, or on both components.
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Fig. 2 ATypical Plate

ANALYTICAL DEVELOPMENT

General

This kind of problem has been attacked using the fundamentals of theory of elasticity (9, 10, 13, 14, 15, 16, 17, 18). Generally,
equations are set up to define the equilibrium of the separate liners and of the flute and to prescribe the necessary continuity
between the liners and the flute. The result is a set of differential equations which may be solved in particular cases for the
quantities of interest. In that kind of problem, the analytic investigation is sufficiently complex and due to the existence of non-zero
shear strains in the flute and adhesive, and of the direct strains in the flute.

o

Teiz

Toy
O
oy ‘tt
d /y

Fig.3 Stress State in Plate's Element
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The stress state in the liners and fluteelements is shown in Figure3. The equilibrium of the liner element requires that
(lex; OTty
X " X gx

XX _0 1)
OX oy tr
oo oTs
AL AN LA 7
oy O X tr
in which
Gix, Oty = Normal stress components in liners;
Trxys Thyx = Shear stress components in fliners aces;
gx and gy = Interlayer shear stress;
te = The thickness of the liner;
f = Subscript denoting liner;
X,y = Coordinate axes.
The state of stress in the flutemust satisfy the following equilibrium equations.
OGcx " a’l:cyx " OTczx _ O (3)
OX oy oz
ole} ot ot
cy 4 cxXy " czy _ O (4)
oy OX oz
in which
Gcxy Ocys Ocz = Normal stress in the flute;

Shear stress in the flute;
Subscript denoting flute.

Texyr Teyzr Tezx
C

The normal stress components in the liners and flutemust also satisfy the overall equilibrium equations, which are

y=2b y=2b z=tc y=2b

2t [ ondy+ [ [ oudydz+ [ pody=0 (5)
y=0 y=0 z=-tc y=0
y=2a y=2a z=tc y=2a

2 tf f o dX + I J. oy dXx dz + I p, dx =0 (6)
y=0 y=0 z=-tc y=0

wherep, and p, are the applied edge loads.

At the interfaces between the fluteand the skins, the stresses and strains must be compatible. The compatibility equations in terms
of stresses are

= U]
q TCZX Z:itc
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In terms of strains, the compatibility equations are written as

0 Ax ©)
= g T €

0X i o Z==tc

0 Ay

— =gy - € (10)

dy v Y=

yfxy = ycxy 7=+t (11)
in which
eandy = Normal and shear strain, respectively;
A = Interlayer deformation in the i direction, where i = x or y;

=9
Ki

Ki = Stiffness of adhesive in the i direction.

Solutions to the problem must also satisfy the prescribed displacement boundary conditions. With respect to a panel subjected to

edgewise loads, the relevant boundary conditions are

1. At the panel edges, no normal or shear stresses should exist in the fluteand the liner normal stress must equal the applied in-
plane stress, thus

atx =0, 2a Ofx = Ofxo Gcx = Ocxo (12)
aty =0, 2b Gty = Ofyo Gcy = Ocyo (13)
in which

Gixo = Prolts

Gfyo = Pryo / t

2. For symmetrical loading about the panel middle plane and centerlines, the shear stresses vanish and no in-plane displacements

occur. Thus,
atx=a Ty = Texy = 0 u=u=0 (14)
aty=b Tryx = Teyx = 0 Ve=vi;=0 (15)

where u and v are displacements in the x and y directions, respectively.

Equilibrium of Flute
For the panel in Figure2, a solution for normal stress components in the flutesatisfying the boundary conditions in Equations 12
and 13 is considered as (14, 15, 16, 17, 18)

o0 o0
GCcx = Z Z Amn ¢x Sx Sy + Gexo (16)
m=1,3,.. n=13,..
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o0 o0

Ocy = Z Z Cmn ¢y Sx Sy + Gcyo (17)
m=1,3,.. n=1,3

in which

Gexor Ocyo = Edge stresses in the flutein the x and y directions, respectively;

2
$x = 0x (2 0x coshOxz + z 02 sinhOxz - tc 02 coth Oxtc coshOxz) - %kﬁ,xcos OLgx Z

2
@y =0y (2 0y coshbyz + 20 sinhOyz - tc 07 cothOytc coshbyz) - %kwcos Olgy Z

Ox t
k¢x = _.x—c + Oxtc cosh Ox tc
sinh Ox tc
Oy t
Koy = ~—2° 4+ Oytecoshbyte
sinh Oy tc
E
Ox = Om —=
GCXZ
_ E.
ey - Bn .
chz
mrm
Olgx = e
2 t.
B o nm
by e
2 t.
Sx. Sy = sin oy, x and sin B, Y, respectively
B m nand N , respectively
Olm, = —_— .
e 2a  2b’
Ann, Con = Unknown coefficients
m, n = Integers.

UsingEquations16 and 17, expressions for the displacement of the flutethat satisfy the boundary conditions in Equations 14 and 15
are derived as follow

1 2 2 Am®x Cx Sy Voy = & Cpn Py Cx S
e = -Ecx Z Z ¢0Lm y : Z Z ¢ym :
m=1,3,.. n=1,3,.. "'m=1 n=1 (18)

Ocxo Vexy Ocyo )

x-a)(— - >
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o 0] o.0] o 0] (o 0]
Vc:-El Z Z Cmn¢ySXCy+\gw Z Z w.p
¥ m=1,3,.. n=1,3,.. Po “m=1 n=1 Po (19)
Ocyo Vexy Ocxo
- b -
(y - b)( En = )
in which
Vexys Veyx = Poisson’s ratio in the x plane and y-direction, and the y-plane and x-direction, respectively.
C. Cy = cosam X and cos B, Y, respectively.

Equations 18 and 19 fulfill the boundary conditions in Equations 14 and 15. An expression for the shear strain in the fluteyc,, is
obtained by properly differentiating Equations 18 and 19; thus

1 i i Bn Olm
Yexy = E Z z Anmn ¢x(—— +  Veyx —) Cx Cy +
“ m=1,3,.. n=1,3,.. om "
(20)
1 < < m n
E Z z Cmn ¢Y(_a_ + Vexy B_) Cx Cy
Y m=1,3,.. n=1, 3, .. B O

Equation 20 fulfills the boundary conditions in Equations 14 and 15. By substituting Equations 16, 17 and 20 in Equation 3, an
expression for the vertical shear stress 1y, in the fluteis obtained as

& X Z ch Bn Olm
Texz = z Z J. ¢x dz Anmn [-(lm + E an(-— + Veyx —) ]Cx Sy +
m=1,3,. n=1,3,. z=0 o Om B
7 (21)
GCX X X m n
E . Z Z _[ ¢y dz Coy B”('a_ T voy B—) Cx Sy
Y m=1,3,. n=1,3,. 7=0 B O
In a similar manner, the shear stress in the flutety, is obtained from Equations 17, 20 and 4 as
& & 2 G o B
Toyz = Z z I @ydz Con [P + £ y(lm(—— + voy —) ] Sx Cy +
m=1,3,.. n=1,3,.. 7z=0 &4 B Ol
(22)
ch X X Z Bn Olm
E 4 Z Z J. ¢x CIZ,D\mn (lm(-— + Veyx —) Sx Cy
“ m=1,3,.. n=1,3,. z=0 dm B

Interlayer Shear Stresses

Expressions for the interlayer shear stresses g, and g, are obtained from Equations 21 and 22 in accordance with the compatibility
equations 7 and 8; thus

o0 o0
a, = Z Z (Amn Agni + Cmn 7\@”2) Cx Sy (23)
m=1,3,.. n=1, 3, ..
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o0 o0
a, = Z Z (Cmn Aokt + Amn Agk2) Sx Cy (24)
m=1,3,.. n=1, 3, ..
in which

Z
Gex n m
7\,gn1 = I ¢de [—(lm + an(—S— +  Veyx o )]
2=0 =t cx m n
ch n
7bgn2 = Y I ¢y dZ Bl’l 5 )
=0 Zz=tc K
Z
Gex m
[ gy dz| [0+ Zan(-22 4+ vy 2y
cy n m
z=0 Zz=tc
o cxy Bn om
Agkz = J‘ ¢x dz (lm(—— + Veyx )
Olm Bn
z=0 z=1c

Equilibrium of Liner
An expression for the in-plane shear stress s, in the liners is obtained from Equations 11 and 20 as

- - Gix n
w= > S AWl B
m=1,3,.. n=1,3,.. Olm
Gny Bn Gixy Om
Kx 7\agn1 K 7\'Qk2] Cx Cy +
g (25)
S5 ey
m=1,3,.. n=13,.. m Ecy o= PBn Om
Gfxy Bn Gfxy Om
K 7\49n2 Ky 7\»‘gkl] Cx Cy

An expression for the normal stress o, in the liners is obtained by substituting Equations 23 and 25 in Equation 1; Thus

00 o0
ow = 2 > (Am Aa+tCmA,) S<Sy + fxy) @9
m=1, 3,.. n=1, 3, ..
in which
2
7\‘21 — Gfxy Bn ( Bn nyﬂ) n M (Gfxan _'_l) i Gfxy/'{gkz ﬂn
Ecx 1z=t Olm Bn Olm K tr Ky
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2
G
N, = Grxy y| PBr _Om ny&) 4 }bgnZ(GnyBn +l) 4 fxy Agk1 Pn
= Ecy Z=%t am Bn Om Om K« tr Ky
f(x,y) = A function representing the constant of integration.

The function f(x, y) is obtained by using the overall equilibrium equation 5; Equations 16 and 26, and by expanding the applied
load in double trigonometric series. In the case of a uniform load of intensities pfy, and Pexo, o« IS found as

Q0 Q0
2
Ofx = z z [Amn }\«zl_'_cm” }\(Zz]Sx Sy+(0x0+0cxo—) z z 3 b Sx Sy (27)
m=1,3,. n=1,3,. m=1 n=1 2% b
in which
1 2 (I)de
}\421 = Aa (1' ) I

an thn

' 2
= a2 (L
7\422 }L ( b2 Bn )

In a similar manner, an expression for the normal stress oy, is obtained from Equations 2, 6, 17 and 24 as

0.0) o0
2
Ofy= Z 2 [Amn 7\,23 Cmn }\_,24 ]SX Sy+((5yo+(5cyo t_) Z Z a Sx Sy (28)
m=1,3,.. n=1,3,.. m=1 n=1 20m Db
in which
' 2
}\423 = Az (1' )
a Om
tc
Now = Dot (1- 2 - 2], oo
# “ a’ s tra’ ()ti1
}\‘23 — Gfxy t Otm (_& + nyﬂ) n M (GfxyOLm _'_l) 4 Gfxykgnl Om
Ecx lz=t Bn Bn Bn Ky tr K
X m m n % Gix n m
s = Gry y| iy i chyB—) +@(nya +1)+ fxy Agnz O
Ecy Z=tc Bn Bn Olm Bn Ky tr K«

Solutions for Ay, and Cpy,

At this stage, the only unknowns are the coefficients A, and C.,,. These can be determined by using the compatibility equations 9
and 10. By substituting Equations 16, 17, 23, 24, 27 and 28 in Equations 9 and 10; A, and C,are obtained as
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7Ly3 _ 7\y6

A A
7\.y1 _ 7\.y4
}\,y2 7\.y5
7\..y3 _ 7\..y6
7\..y1 7\..y4
Cmn = (30)
mn }\4y2 _ 7\,y5
7Ly1 7\y4
in which
7\, = )\‘21 _ Vixy }\‘23 _ (I)X z=tc Olm 7\'gnl
vt Ef)( Efy Ecx KX
7\‘ — }\'12 _ Viy 7»;4 + Vexy (I)y z=te Om }\‘gnz
y2 Efx Efy Ecy KX
2 2 Gxo+6con C5y0+($cyoE
Ay = b vy b 220 4 vy 2]
y3 aam an EfX Y Efy ECX Y ECy
7\‘ — 7\423 _ V fyx )\'21 + Veyx (I)X z=tc Bn }\’gkz
- Efy E E cx Ky
7\, — 7\,Iz4 _ V fyx )\’22 _ (I)y z=tc Bn }“gkl
¥o Efy Efx Ecy Ky
o oo
7\‘ _ 2 2 Oyo + Ocyo t e Oxo + Ocxo tr + Ocyo + oy Ocxo ]
c
y6 a Om an Efy = Ecy YX =

NUMERIC EVALUATION OF EFFECTS OF ADHESIVE ON THE BEHAVIOR OF PANELS
The complexity of the preceding solution makes it difficult to see the effect of adhesive on the panel responses. To demonstrate
these effects, a square panel is considered. The properties of the panel, liners and fluteare assumed as follow:

For panel:

a=b = 20in.(1219.2 mm)
For liners:

ts = 0.04in. (1.016 mm);
En = Eg = 10’ psi (68.9 GPa);
Vixy = Viyx = 033
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For flute:

te

Ex= Ecy

chy =Gy = chz

Vexy = Veyx

Two loading cases are considered. In the first case a biaxial uniformly distributed stress of intensity o, = o, = 208.3 psi is used.
In the second case a uniaxial uniformly distributed stress of intensity o, = 208.3 psi is applied. In each loading case, the load is
applied independently first to the liner and flute, and then concurrently to liner and flute as shown in Figures4a, 4b, 4c and 4d. The
liner normal and shear stresses are calculated for a chosen range of bonding stiffness from K, = K, = K = 103-10* psi/in. The
selected range for K-values covers a broad spectrum of adhesives from a non-rigid to excessively rigid for practical purposes. This
range was needed for conducting a parametric study on the effects of adhesives. The normal stress in the liners at the panel center

1.0 in. (50.8 mm);
2 x 10° psi (137.8 MPa)
10* psi (68.9 MPa)

= 0.20
208 psi
— —
— —
o — -
[w
[mn)
=
o — —
N —
— —

200N

»
—H
—H
—H
—

201n

Fig. 4a A Plane View of a Panel under Biaxial Edge Load

— 208 psi
— 208 psi
RN s
Fig. 4b A Biaxial Edge Load Applied to Faces
— — 203 psi
R W
Fig. 4c A Biaxial Edge Load Applied to Core
— 208 psi
— — 208 psi
—* 208 psi
o Rt

Fig. 4d A Biaxial Edge Load Applied to Faces and Core

and the shear stress in the liners at the panel corner are shown graphically in Figures5 to 10.
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max. skin normal stress (psi)
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Fig. 5 Effects of Bond Stiffness on Face Normal Stress Due to Face Edge Load
900
800
oo
]
e
§ 600
?g 500
B
g
c 400
; 4 edge stress on core = 208 psi
300 s
i} 4 biaxiall
£ v
200 — — — uniaxial
100
] -
1 2 3 4 § G 7 8 9
Kex 10 (psifin)
T T T T T T T T T T
1.00 0.50 0.33 0.25 0.20 0.17 014 0.13 0.11 0.11
{Ec /1t KD (x 107
Fig. 6 Effects of Bond Stiffness on Face Mormal Stress Due to Core Edge Load
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Fig. 7 Effects of Bond Stiffness on Face Mormal Stress Due to Face and Core Edge Load
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max. skin shear stress (psi)
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Fig.8 Effects of Bond Stiffness on Face Shear Stress Due to Face Edge Load
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Fig. 9 Effects of Bond Stiffness on Face Shear Stress Due to Core Edge Load
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Fig.10 Effects of Bond Stiffness on Face Shear Stress Due to Core Edge Load
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It is seen that the liner normal stress shows greater sensitivity to the variation of bond stiffness value when the latter is in the lower
range; and beyond a certain level of stiffness (which varies from panel to panel), the adhesive can be practically considered as
rigid. A change in K-value for example from 10° to 2 x 10° psi/in induces a stress decrease almost 6 times in the uniaxial case and
5 times in the biaxial case greater than when K changes from 9 x 10%-10* psi/in. The changes are 24% and 27% due to uniaxial
fluteand combined edge loads, respectively, 32% and 22% due to biaxial fluteand combined edge loads, respectively. In all load
cases, the liner shear stress is practically independent of bonding stiffness. Unlike the mechanical behavior of other panels with
non-rigid adhesive (9, 10, 11, 12, 13, 14, 15, 16 and 18), this study reveals that interlayer shears are insignificant. This is due to the
absence of transverse loads which induce high transverse shear forces.

This analysis has also detected an important point. By using existing theories (1, 24), stress components in panels may be
determined only at high values of bond stiffness with a small margin of error, otherwise the K values must be included in the
analysis.

Another important point was revealed by this analysis. By common sense, it can be felt that a very stiff adhesive would be
unnecessary if the flute was too soft, and the converse would be unwise. This is quantitatively shown in Figures5 to 10 which show
that the ratio of flute stiffness to bonding stiffness is one of the main parameters influencing the behavior of panels.

Finally, it is worthwhile to mention that the literature has no record of elasticity based analytic investigations of panelsassembled
with adhesives having finite stiffness and under edgewise loads including the fluteedges. In this regard, this paper has advanced the
state-of-the art. In addition, the results presented here are virtually identical to those by existing theories for the case of perfect; i.e.
very rigid, adhesive.

SUMMARY AND CONCLUSIONS

In the literature, very few publicationsare availablethat deal with the effects of adhesives on the response of panels. Realistically,
the adhesive in suchpanelsis rigid enough to make a significant contribution to the overall structural integrity of the panel, yet
flexible enough to permit shear deformation.

An analysis of panels taking into account the effects of the finite bonding stiffness has been presented in this paper. The edgewise
load can be uniaxial or biaxial; applied to the liners only, fluteonly, or to both components. The solution satisfies the equilibrium
equations of the liner and flute, the compatibility equations of stresses and strains at the interfaces, and the boundary conditions.
The numerical results have shown that the bonding stiffness, up to a certain level, has a strong effect on the panel response. Beyond
this level, the usual assumption of perfect bonding in the literature is quite acceptable. The answer to what constitute perfect
bonding may be best answered in terms of the ratio of flutestiffnessto the bond stiffness, i.e. rather than on the individual
constituent material. This ratio will vary from panel to another but could be determined using the solution presented in this paper.
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NOTATION

Amn = Fourier coefficient;

2a = plate length in the x direction;

2b = plate width in the y direction;
Cmn = Fourier coefficient;

c Subscript denoting flute;

E Young’s Modulus;

f Subscript denoting face;

G Shear Modulus;

i Subscript denoting x or y;

K; Stiffness of bonding in the i direction;
m, n Summation counter;

0 Subscript denoting edge quantity;
P Load density;

q Interlayer shear stress;

te The thickness of the flute;

te The thickness of the face;

u Displacement in the x direction;
% Displacement in the y direction;
X,y = Coordinate axes.

Interlayer deformation in the i direction;
= Normalstrai;

Shear strain;

= Poisson’s ratio;

= Normal stress;

= Shear stress.
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