
International Journal on Recent and Innovation Trends in Computing and Communication                                 ISSN: 2321-8169 

Volume: 3 Issue: 11                                                                                                                                               6375 - 6378 

________________________________________________________________________________________________________ 

6375 

IJRITCC | November 2015, Available @ http://www.ijritcc.org                                                                 

_______________________________________________________________________________________ 

 Generalized Fourier-Laplace Transform and Differential Equations 

V. D. Sharma
1  

 

Department of Mathematics, 

Arts, Commerce and Science College,  

Amravati (M.S.), India 

vdsharma@hotmail.co.in 

 

A. N. Rangari
2
 

Department of Mathematics, 

Adarsh College, Dhamangaon Rly.  

Amravati (M.S.), India 

ashwinarangari@gmail.com 

 
Abstract— Integral transformations are very important tool for solving various problems in mathematics, physics and engineering. Fourier and 

Laplace transforms are powerful tools for image processing and signal processing. However we have combined these transforms to form 

Fourier-Laplace transform and tried to solve different types of problems. This paper gives the application of generalized Fourier-Laplace 

transform for solving some differential equations. Also we introduced new differential operator and its adjoint operator and solved the 

Differential equations using Fourier-Laplace transform.   
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1.  INTRODUCTION  

The importance of Integral Transforms is that they provide 

powerful operational methods for solving many problems from 

many different fields [1]. Presently Integral transforms are 

knocking the door of many new subjects. We find Integral 

Transform as a problem solver not only in the areas of 

differential and difference equations, electric circuits and 

networks, vibration and wave propagation, heat conduction in 

solids, quantum mechanics, fractional calculus and fractional 

differential equations, dynamic systems, but also in signal 

processing, integral equations, physical chemistries 

mathematical biology, probability and statistics and solid and 

fluid mechanics and in Medical sciences also [2], [3]. 

 Here the Fourier Transform is used as a tool for solving 
many linear boundary value and initial value problems in 
Applied Mathematics, Mathematical physics and Engineering 
science. It also have a wide scope covering these areas- 
Distributions and generalized transforms, Convolutions, and 
correlations and applications, probability distributions, 
sampling theory, filters, and analysis of linear systems, nuclear 
magnetic resonance (NMR) and in other kinds of spectroscopy 
and the Dirac delta [1]. 

The Laplace transform is a widely used integral transform 

with many applications in Physics and Engineering. The 

Laplace Transform is a simple way of converting functions 

from one domain to the functions of another domain. 

Moreover, the Laplace transform can also be used to solve 

differential equations and it is used in Electrical Engineering, 

too. For Example, the Laplace Transform is widely used in 

electrical circuits for the analysis of linear time-invariant 

systems [4]. The Laplace transform is really just a shortcut for 

complex calculations. It may seem troublesome, but it 

bypasses some of the most difficult mathematics.    

Many authors studied on various integral transforms 

separately. However there is much scope in extending double 

transformation to a certain class of generalized functions. 

Bhosale B. N. and Choudhary M.S. [5] and Khairnar S. M. 

et.al. [6] has discussed double transform and their application. 

Motivated by this we have also defined a new combination of 

integral transforms in distributional generalized sense namely 

Fourier-Laplace transform and its applications to some 

particular types of differential equations by introducing a new 

differential operator and its Adjoint operator. For this it is 

necessary to define the conventional Fourier-Laplace 

transform which is defined as follows: 

  
0

( , ) ( , ) ( , ) ( , )FL f t x F s p f t x K t x dtdx
 


     ,                                                                           

where,  
( )

( , )
i st ipx

K t x e
 

  .  

Also we have defined the testing function spaces as 

well as distributional generalized Fourier-Laplace transform in 

our previous work, which are given as follows: 

 1.1. The space 
, ,a bFL    

This space is given by  

   , , , , , ,

sup

: / , 0 ,

0
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x



     

 
 

       
    

                                                                                          (1.1.1)                                                                                    

Where the constants A  and 
lqC  depend on the testing 

function . 

  1.2. Distributional Generalized Fourier-Laplace Transforms 

(FLT)  

For
,( , ) af t x FL 



 , where ,aFL 




 is the dual space of ,aFL

 . 

It contains all distributions of compact support. The 

distributional Fourier-Laplace transform is a function of 

( , )f t x and is defined as  

                             

  ( )( , ) ( , ) ( , ), i st ipxFL f t x F s p f t x e                                                                                                                                                                                                            

,                                                                                         (1.2.1)                                                                                                                 

where, for each fixed t   0 ,t   x   0 x   , 

0s  and 0p  , the right hand side of (1.2.1) has a sense as 

an application of ,( , ) af t x FL 



  to ,

( )
a

i st ipxe FL



     .  

 The paper is organized as follows: 
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In section 2 new differential operator is introduced. In section 

3 another operator is defined which is the adjoint operator of 

the operator defined in section 2. Section 4 gives applications 

of generalized Fourier-Laplace Transform to differential 

equations. Section 5 concludes the paper.     

Notations and terminology used as in Zemanian [7], [8].     
 

2. APPLICATION OF FOURIER-LAPLACE TRANSFORM 

 

The kernel of Fourier-Laplace transform is        

   
, , ,

i st ipx
K t x s p e

 
 ,  

Differentiate with respect to t and x , we get 

      
, , ,

i st ipx

t xD D K t x s p is p e
 

    

                                                 
 i st ipx

ispe
 

     

                                                  , , ,ispK t x s p  

We construct an operator
,t x t xD D isp   ,  

where 
t

d
D

dt
  , 

x

d
D

dx
     

                                

     , , , , , , ,t x t xK t x s p D D isp K t x s p    

                                                                   

   , , , , , ,t xD D K t x s p ispK t x s p   

                                                                 

   , , , , , ,ispK t s s p ispK t x s p 

 2 , , ,ispK t s s p  

 0 , , ,C K t s s p ,  

where 0 2C isp  is constant 

Continuing in the same way, we have  

      
22

, 0, , , , , ,t xK t x s p C K t x s p   

                                

     
33

, 0, , , , , ,t xK t x s p C K t x s p   

                                

     
44

, 0, , , , , ,t xK t x s p C K t x s p   

And so on,  

                               

         , 0, , , , , , 2 , , ,
k kk
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Since the operator 

     , , , , 2 , , ,
kk

t xK t x s p isp K t x s p   is obviously 

linear and continuous. We have 

                          

      , ,, , , , , ,k k

t x t xFL f t x f t x K t x s p           

   ,, , , , ,k

t xf t x K t x s p   

     , , 2 , , ,
k
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Therefore we have, 

         , 0, , , , , ,
kk

t xFL f t x f t x C K t x s p   

for all ,af FL 



  . 

  

3. ADJOINT OPERATOR ,t x

  

We define an operator 
, , ,:t x a aFL FL 

 

    using the  

relation  

                              

         , ,, , , , , ,t x t xf t x t x f t x t x     

For all 
,af FL 



  and 
,aFL

 . The operator ,t x

  is 

called the adjoint operator of ,t x .For each 

1,2,3,........k  we easily get  

                        

             , ,, , , , , ,
k k

t x t xf t x t x f t x t x    

It can be readily shown that if f regular distribution generated 

by an element in then 
*

, ,t x t xf f   for each 

1,2,3,......k  we have  

            , ,, , , , , , , , , ,
k k

t x t xf t x K t x s p f t x K t x s p   

                               , , 2 , , ,
k

f t x isp K t x s p                                                                          

                                0, , , , ,
k

f t x C K t x s p                                                                       

                                 0 , , , , ,
k

C f t x K t x s p  

Thus we arrive at the important result, for each 

1,2,3,......k   we have for 
*

,af FL 

                    

           *

, 0, , ,
k k

t xFL f t x C FL f t x s p   

4. AN APPLICATION OF THE FOURIER-LAPLACE 

TRANSFORM TO DIFFERENTIAL EQUATIONS 

4.1. Solution of  *

,t xP u f    
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Consider the differential equation  *

,t xP u f       (4.1.1)                                                                   

Where *

,af FL 

  and P  any polynomial of degree m . 

Suppose that the equation (4.1.1) possesses a solution u . 

Applying the Fourier-Laplace transform to (4.1.1) we have, 

   *

,t xFL P u FL f  
 

 if   FL f f   then  

   2 ,P isp FL u t x f      

using          *

, , 2 ,
k k

t xFL f t x isp FL f t x  
  

 

 2P isp u f   i.e. 

       0P C u f                                                    (4.1.2) 

where  ,u FL u t x      

If we further assume that the polynomial P  is such that for 

0   

 2P isp                                                               (4.1.3)                                                                                                         

Then under this assumption (4.1.2) gives 

 
1

2u P isp f
                                                       (4.1.4)                                                                                            

Applying inversion of Fourier-Laplace transform, we get  

 
 

 
 

1 1

02

f f
u FL FL

P isp P C

 
    

    
      

   

Hence the proof. 

4.2. Solution of differential equation  P D u f  

Consider the differential equation  P D u f            (4.2.1)                                                                       

When 
*

,af FL 

  and  
m

P D a D


 

   

Is a linear differential operator of order m with constant 

coefficients. 

Suppose that the equation (4.2.1) possesses a solution u . 

Applying the Fourier-Laplace transform to (4.2.1) and using  

          
, , ,

l q i st ipxl q

t xD D K t x s p is p e
 

     

 

                                          , , ,
l q

is p K t x s p                                                

 

                                        1 , , ,
l q l q

is p K t x s p


   

We have    FL P D u FL f f       (say)           (4.2.2)                                                                      

We can reform them to the Fourier-Laplace transform and 

hence we get  

 , , ,P t x s p u f                                        (4.2.3)                                                                                                         

where  , , ,P t x s p  is polynomial in , , ,t x s and p ,  

 u FL u   

Under the assumption that the polynomial P is such that  

 

  , , , 0l q

t xP D D K t x s p    

for 1 2 3, , ,........... .n

n R      

 

 
1

, , ,l q

t xu P D D K t x s p f


                       (4.2.4)                                                                                        

 

Applying inversion of Fourier-Laplace transform to above 

equation, we have  

 

 
  

1

, , ,l q

t x

f
u FL

P D D K t x s p



 
 
  

 

 

5. CONCLUSION 

 

In the present work we have introduced new operator  and 

its adjoint operator
* . And using that the differential 

equations is solved for Fourier-Laplace transform. 
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