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Abstract
This paper introduces the fixed point in complete fuzzy metric space, and how to
find a common fixed point between occasionally weakly compatible mappings
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1. Introduction
Many mathematicians have studied common fixed points in fuzzy metric
space under several conditions. In 1986 Jungck introduced the notion of compatible
maps for a pair of self maps. Several papers have come up involving compatible
maps in proving the existence of common fixed points both in the classical and fuzzy
metric space. Recently Chouhan and Badshah (2010) established fixed points
theorem in fuzzy metric spaces for weakly compatible maps. This paper introduces
the common fixed point between occasionally weakly compatible mappings.
2. Preliminaries
Definition(2.1):[3] A binary operation *:[0,1]x[0,1]—[0,1] is a t-norm if * is
satisfies the following condition:
(i) * is commutative and associative;
(i ax1=aforallac€ |
(iii) a*b < c * d whenevera < cand b <d foralla,b,c,d € [0,1].
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Definition (2.2): [3] Let X be a non-empty set, * be a continuous t-norm on I= [0, 1].
A function M : X X X X (0,0) = [0, 1] is called a fuzzy metric function on X if it
satisfies the following axioms: for all x,y,z € X and for allt,s > 0

(1) M (x,y,t)>0;

@QMxyt)=1eo x=y;

@My t)=M(@yxt);

4 M@x,yt+s)=M(x,zt)*M(zy,s);

(5)M (x,y,.):(0,0) = [0, 1] is continuous.
Note that M (x,y, t) can be thought of as the degree of nearness between x and y
with respect to t. And (X, M,*) is called a fuzzy metric space.

Definition (2.3): [1] Let X be a set, f, g self maps of X. A point x in X is called a
coincidence point of f and g iff f, = g,. Weshall call w = f, = g, a point of
coincidence of f and g.

Definition (2.4): [1] A pair of maps S and T is called weakly compatible

pair if they commute at coincidence points.

The concept occasionally weakly compatible is introduced by M. Al-Thagafi

and Naseer Shahzad [4]. It is stated as follows.

Definition (2.5): [1] Two self maps f, g of a set X are occasionally weakly
compatible (owc) iff there is a point x in X which is a coincidence point of f and g
at which f and g commute.

A occasionally weakly is weakly compatible but converse is not true.

Example (2.6): Let R be the usual metric space. Define S,T: R - R

by S, =9xand T, = x3 forall x € R. Then S, =T, for x =0, 3 but

STy =TSy, and ST; # TS5. S and T are occasionally weakly compatible

self maps but not weakly compatible.

Lemma (2.7): [1] Let X be a set, f, g owc self maps of X. If f and g have

a unique point of coincidence, w = f, = g,, then w is the unique common
fixed point of f and g.

Lemma (2.8): [1] Let (X, M,*) be a fuzzy metric space. If there exists q € (0, 1)
suchthat M (x,y,qt) = M (x,y,t)forall x,y € Xandt > 0,thenx = y.

Definition (2.9): [5] Let (X, M,*) be a fuzzy metric space. Then

(@) A sequence {x,} in X is said to be fuzzy convergent to x in X if for each ¢ €
(0,1)and each t > 0, there exist n, € Z* such that M (x,,, x,t) > 1 — ¢ for
all n>ny (orequivalent lim M (x,, x,t) =1).

n—oo

(b) A sequence {x,} in X is said to be fuzzy Cauchy sequence if for each ¢ €

(0,1) and each t > 0, there exist n, € Z* such that M (x,,, X, t) > 1 — ¢

forallm,m > n, (orequivalent lim M (x,,x,t) =1).
n,m—oo
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(c) A fuzzy metric space in which every fuzzy Cauchy sequence is fuzzy
convergent is said to be complete.
2. Main Results

Lemma (3.1): Let (X, M,*) be a fuzzy metric space. If there exists q € (0, 1)

such thathM 2.t g 4Yde > fOM 28 4 (t)dt such that x,y € X and t > 0,

¢:RT — R is Lebesgue-integrable and increasing mapping which is summable,

non-negative and such that fogcp(t)dt >0 foralle > 0,thenx = y.

Theorem (3.2): Let (X, M,*) be a complete fuzzy metric space and letP, Q,Sand T
are self-mappings of X. Let the pairs {P, S} and {Q, T} be owc. If there exists q €(0,
1) such that

i (Pr0yat) y yar >

fomin{M(Sx,Ty,t),[M(Sx,Px,t).M(Qy,Ty,t)],M(Px,Ty,t),M(Qy,Sx,t)} ¢ (Dd.... 1)

Forall x,y € Xand t > 0, ¢: R* — R is Lebesgue-integrable and increasing mapping
which is summable, non-negative and such that fog(;b(t)dt > 0 forall e > 0.Then P,

Q, Sand T have a unique common fixed point.

Proof: Since pairs of mappings {P, S} and {Q, T} are owc, there exists two points

x,y € X suchthat P, = Q,,

fOM (Px.Qy.qt) b(D)dt > fomin{M(Sx,Ty,t),[M(Sx,Px:t)-M (Qy.Ty,t)| M (P, Ty, t) . M(Qy.Sxit)} d(t)dt
— [rmin((PrQy 1111 M(Pe 0y )P0y 1)) g 1 gy = [ (Po00) 1 gy

=P, =Q,thenP, =S, =Q, =T,

Suppose that z such that P, = S, thenby (1) wehave P, = Q, = P, =S, =0Q, =T,
so P, = P,and w = P, = S, is the unique point of P and S. Similarly thereis z € X

suchthatz = Q, = T,.

Assume z = w =by (1) we have

o 210 perde = [ 10 p(e)de 2

fmin{M(Sx'Tth)t[M(SX'PXIt)'M(QZtTZtt)]tM(Px'TZ:t)!M(QZ!SXit)}

! o (t)dt
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i M(Px,Qz,t),[1.1],M(Px,Qz,t),M(Px,Qz,t) M (Px,Qz,t)
= Yo(de=[] $()dt

Therefore w = z, z is a common fixed point of P, Q,Sand T

Theorem (3.3): Let (X, M,*) be a complete fuzzy metric space and letP, Q,Sand T
are self-mappings of X. Let the pairs {P, S} and {Q, T} be owc. If there exists q €(0,
1) such that

foM (Px.Qy.qt) ¢ (Ddt > fOII)(M(Sx,Px,t),M(Ty,Px,t),M(Px,Ty,Zt),M(Qy,Px,3t)} ¢ (Ddt.... (2)

Forall x,y € Xandt > 0, ¢: R* — R is Lebesgue-integrable and increasing

mapping which is summable, non-negative and such that fog ¢(t)dt > 0forall e > 0,
Y:[0,1]* - [0, 1], (1, ¢, t,t) > t,and t * t > t.
Then P, Q, S and T have a unique common fixed point.

Proof: Since pairs of mappings {P, S} and {Q, T} are owc, there exists two points

x,y € X such that P, = @,

fOM (Px.Qy.qt) b(Odt > J-(;/)(M(Sx,Px,t),M(Ty,Px,t),M(Px,Ty,Zt),M(Qy,PxBt)} b(O)dt by (2)

>

b (t)dt

.’»1,[}(1,M(Px,Qy,t),M(Px,Qy,t)*M(Qy,Ty,t),M(Qy,Px,t)*M(Px,Px,t)*M(Px,Ty,t)}
0

OO )M, 00
> f(;/)(1,M(Px,Qy,t),M(Px’Qy't)'M(vaQY't)} ¢(t)dt > fOM (Px'Qy't) (p(t)dt

> P =QythenP, =S, =0Q, =T,

Suppose that z such that P, = S, thenby (2) we have P, = Q, = P, =S, =0, =T,
so P, = P,and w = P, = S, is the unique point of P and S. Similarly there is z € X
suchthatz = Q, =T,.

Assume z #= w =by (2) we have
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M (w,z,qt M (Py,Qz,qt

M(SXIert)IM(TZrPx't)'M(PX'TZ'Zt)'M(QZ'PXJ3t) M (PJC!QZ!t)
e Yp(de > [] 0L

Therefore w = z, z is a common fixed point of P, Q, Sand T.

Theorem (3.4): Let (X, M,*) be a complete fuzzy metric space and letP, Q,Sand T
are self-mappings of X. Let the pairs {P, S} and {Q, T} be owc. If there exists q €(0,

1) such that fOM (Px.0y.at) d(t)dt >

fomin{M(Sx,Ty,t),M(Px,Sx,t).M(Qy,Ty,t),l,b[M(Px,Ty,t),M(Qy,Sx,Zt)]} H(D)dt.... (3)

Forall x,y € Xandt > 0, ¢: R* — R is Lebesgue-integrable and increasing mapping

which is summable, non-negative and such that fog ¢(t)dt > 0 for all

£>0,¥:[0,1]> - [0,1],9(¢t,t) =t .Then P, Q, Sand T have a unique common

fixed point.

Proof: Since pairs of mappings {P, S} and {Q, T} are owc, there exists two points

x,y € X suchthat P, = Q,,

[ (Pr0yat) y yar >

J-Omin{M(Sx,Ty,t),M(Px,Sx,t).M(Qy,Ty,t),lp[M(Px,Ty,t),M(Qy,Sx,Zt)]} S(O)dt by (3)

> fomin{M(Px,Qy,t),l.1,1/}[M(Px,Ty,t),M(Qy,Sx,t)*M(Sx,Sx.t)]} b(0)dt
=" in(M (P 0y )M (P 0y ) M(Pey )1 o 1y 1y
_ fomin{M(Px.Qy,t)JM (Px.Qy.t)} d(D)dt = fOM (Px.2y.t) P(t)dt

=P, =Q,thenP, =5,=0, =T,

Suppose that z such that P, = S, thenby (3) we have P, = Q, = P, =S, =0, =T,
so P, = P,and w = P, = S, is the unique point of P and S. Similarly there is z € X

suchthatz = Q, =T,.

Assume z = w =by (3) we have
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M (w,z,qt M (Py,Qz,qt

J‘Omin{M(erTZrt):M(PXer't)-M(QZ'TZrt)'I)b[M(PX!TZ't)'M(QZth’Zt)]} d) (t)dt 2 J’OM (PX:QZ’t) ¢(t)dt

Therefore w = z, z is a common fixed point of P, Q, Sand T.

Theorem (3.5): Let (X, M,*) be a complete fuzzy metric space and letP, Q,Sand T
are self-mappings of X. Let the pairs {P, S} and {Q, T} be owc. If there exists q €(0,

1) such that fOM (Px.0y.at) d(t)dt =

a[M (Py,Qy,t)+M (Py,Ty,t)|+BW[M (Py.Ty,t).M (Qy.Sxt).M (Sx,Px,t)]+

fy[min{M (Ty,Qy.,t).M (Qy,Px,t),M (Ty,Py,t)}+P[M (Sx,Qy,t )M (Qy,Sx.t),M (Px,Sx,0)] b(0)dt...(4)
0

Forall x,y € Xand t > 0, ¢: R* — R is Lebesgue-integrable and increasing mapping
which is summable, non-negative and such that fog¢>(t)dt > 0 forall ¢ >

0,9:[0,1]®> » [0,1],¥ (¢, t,1) =tand a,B,y > 0,2a + B + 2y > 1.ThenP,Q, S

and T have a unique common fixed point.

Proof: Since pairs of mappings {P, S} and {Q, T} are owc, there exists two points

x,y € X such that P, = Q,,

M (Px:Qy:qt)
f ¢p(t)dt =
0

a[M (Px,Qy,t)+M (Px,Qy,t)|+BY[M (Px,Qy.t).M (Py.,Qy.t),1]+
J.(:/[mm{1,M (Qy.Px,t).M (Px,Qy,t)}+[M (Px,Qy,t)M (Py,Qy.t).1] S()dt by (4)

_ Jelam ety M (Pey )71 ey )4 (o5 g1 gy

— foza[M (PXrQy’t)]+ﬁM (Px,Qy,t)+2y[M (Px:Qy't)]}d)(t)dt — f()(2a+3+2Y)M(Px'Qy't) (;b(t)dt

foM (Peyt) ¢(t)dt =P =0, then P, = S, = Q=T

v

Suppose that z such that P, = S, thenby (3)wehave P, = Q, = P, =S, =0Q, =T,
so P, = P,and w = P, = S, is the unique point of P and S. Similarly there is z € X

suchthatz = Q, =T,.

Assume z = w =by (3) we have
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M ,Z,qt M (Py,Qz,qt
[0 g yde = 0 g (e)de >

a[M (Py,Qz,t)+M (Px,Qzt)]+BY[M (Py,Qz,t),M (Py,Qz,t), 1]+
Y[min{l,M (Qz:Px.t)rM (Px.Qz,t)}ﬂl)[M (erQz;t)M (Px;Qz;t);l]
Js ¢(t)dt by (4)

M (PXIQZrt)
I p()dt =P, =Q,thenP, =S, =0Q,=T,

v

Therefore w = z, z is a common fixed point of P, Q, Sand T.
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