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Abstract— Here arrivals of the customer follow poisson distribution and there is single server who is providing service to the
customer. Also server serve the customer on first come first serve basis. The vacation queues have been extended to computer networks,
communications systems, as well as production management, inventory management and other fields (Doshi B.T., 1990). For the classical
single-server vacation model, a server stops working completely during the vacation periods. However, the server can be generalized to work at
a different rate during the vacation periods. This type of queueing models are useful to analyze a variety of multi-queue systems that frequently
arise in computer and communication networks. Different parameter is used for finding expected busy period and queueing length.
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l. INTRODUCTION

In this paper, the arrivals process is assumed to be Poisson
with parameter A and the service by a single server. If the
queue is empty then server goes on vacation, when the
queue size is less then ‘a’ the server is on working vacation
& if the queue size is > ‘a’ then server is busy. The server
serve the customer according to exponential law with
parameter , if server is on working vacation & the server
serve the customer according to exponential law with
parameter p, if server is busy. For example, the allocation of
the real time of a processor within a large switch or the
allocation of the bandwidth of the bus of a LAN. In such
systems, each queue may be processed either at a fast
service rate or a nominal service rate depending on whether
it acquires a token or not: That is, a queue operates at its fast
service rate as soon as it gets the token. The scheduling
discipline is exhaustive. In an exhaustive schedule, a queue
possesses the token until the queue is empty. And then, the
token is passed to the next queue. From the point of view of
the individual queue, the server follows a working vacation.
The server works at a slower rate rather than completely
stops during a vacation. Such type of situation are called
working vacation. Liu, Xu and Tian (2002), Takagi (2006),
W.D. (2006), Servi, L.D. (2002) are discussed some
working vacation queue.

Assumptions: The following assumption describe the

system

1) Arrivals arrive according to poisson law with
parameter A

2) The service time distribution is exponentially with rate
pyand p,

3) Server serve the customer of batch sized if server is
busy
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4) Server serve the customer single if batch size is less
than ‘a’

5) The Queue discipline is first come first serve

6) The various stochastic process in the system are
statistically independent

7) The server is removed from its service as soon as the
Queue is empty.

I1.  Analysis of Model
Pin(t) = P{x(®) =1, y(t) = n}
x(t) =0 y(t) =0 vacation
x(t) <a y(t) =1 working vacation
xt)>a y(t)=2 busy
The difference-differential equation governing the

model are
P(’)o (t) =—APgo(t) + py Poa(t) + 1z Po(t) (1)

Po.1 (1) = —(A+ )Py 1 (t) +APgq (1) + 1Py () + 1Py (1)

() Pp1 (1) ==+ py)P, 1 (D) + 2 Pra()

+ WP a(t) l1<n<a-1

3
Pg.2 (1) =~ + 1) Po2(t) + A Pay 1(t) + z Poa(t)
n>a 4
" 5 = =00+ ) Pra(t) + & Prg o) + 1o Praa(t)

n>1 (5)
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Bn,:L (S) =

E0,2 (s)=

Taking Laplace Transformation of equation (1) to (5)
SPo0(8) = Poo(0) = =2 Ry () *11 By, )+1, Py (5)
(S + M) Py (8) —1= iy Py (8) +11,Py , (5) Poo(0) =1

(6)
P = (4 Pn(9) 1P (9)+1) S P (8) = Pa0)
= —(M+1) Pyy(8) +APoo (8) + 144 P4 (8) +1,Pio ()
= (SHL+ 1) Py(s) = APy (8) + 1Py (8) + 5P )

()
1
S+A+p

Pou(8) = (\Poo (8) + 114 Py3 (8) +11,P1, (5)

Sﬁn 1 (S) - F)n 1 (0) = 7()L + Hl)ﬁn,l (S) + }”En—l,l (S) + “1§n+1,1 (S) +

2 5n+1,2 (S) (S*+h+p)

ﬁn1 (s)= )‘ﬁn—l,l (s)+ H1§n+1,1 (s)+ “25n+1,2 (s) (®

(}“ﬁn—l,l () + 1, P, 1(8)+ “Zﬁn+l,2 (s)
S+A+pn

50,2 () =P (0)=—(A+ Hz)ﬁo,z (s)+ Msa—l,l (s)+ Hzﬁn,z ()
= (S+A+ Hz)ﬁo,z (s)= Xﬁa—l,l (s)+ lvlzﬁn,z (s)

1

(S+A+1y) (WPy-11(8) + 2Py 2 (5))

5n,2 (5) P2 (0)=—(A+ Hz)ﬁn,z (s)+ kﬁn—l,z (s)+ Hzﬁma,z (s)

(9)

= (Sthtp) P ,(8) =P, 1 5(8) +1oPhua 2 ()
(10)
The characteristic equation from equation (10)
(S +2tiws) Pog(8) =P, 11 (S) + 1Py, »(S)
h(z) = o 22— (S+A + ) Z + A
h(z) =0
= WzZ-(S+r+m)z+Aa=0
(11)
From (10)
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(S+h+12) Py 5(S) = AP, 1,(S) +15Pya2(5)

h(z) = n 2" — (S+L + )z + A

h(z)=0
= p" - (SH+A+p)z+A=0
(12)
Suppose that
fz) = —(S+ A+ )z and g(z) = p2*™* +
Consider the circle |z| = 1-8 where § is arbitrarily
small & z = (1-8)e", it can be shown that on the
contour of the circle

l9()| < [f(2)]

Hence by Rouche’s Theorem
f(z) and f(z) + g(z) will have the same number of
zeros inside

(z) = 1-4.
Since f(z) has only one zero inside the circle
f(z) + g(z) = h(z) will also have only one zero
inside f(z) = 1-9, this root of h(z) = 0 is real and
unigue

iffp= L<l &0<a<l)

apy

and other roots ;> 1

Then a, satisfies the equation

_ a
aol = l:M —a+a+..+o?
My 1-a
a
and i:m
Ko 1-a

From equation (11)

. (S+h+1) £ (S+A+p1,)? — A,k
2y,

Let

. (S+k+p)+\/(8+k+p1)2 —4y,
2u,
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(SR S+ Atpy)’ 4w,
2,

Let o is the unique positive real root

Hence by Rouche’s theorem

ﬁn,1 (s)= ﬁ0,1 (S)a— ﬁ0,2 (s)u,R"

— — A — A
P..(s)=P,,(S)a————P,,(S)u, ————R®?
|71,1( ) 0,1( ) StA+py 0,2( )P St Ati

- A A

POl(S)aHS+X+u1 J(Sﬂwpz Ja}
A A n

{1+“2(S+x+plj(3+x+u2}m }

= Na(S+h+1,)(S+A+,)
(SH+A+1y)(S+ 41 [(S+A+1y)(S+A+1,) + 1,0 %0R"]

ﬁ0,2 ()=

Let D;

D, = Vo
(S+A+1,)(S+A+1,) + N °aR"

From equation (6)

_ _ _ 1
Poo(8) = % Po(8) + % Po1(8).D; + S

1
Py (s) = 01( )(H1+H2 1)"‘5 X
5n 1(8)= E01 (S)[a—Du, R n+1]
R"\%q

ﬁn,2 (5) = Py, (5)

(S+A+1,)(S+A+p,)+p,M%aR"

According to normalizing condition

n

Z |0(S)+ PI 1(S)+ P|2(S) -

i=0
Steady state probabilities
Pin = LimSP, , (s)
S—0

_ 2a
Poo = Lim P, s). x+SP°1()sH2xm
1

(S+htpp) + pd? oR™ + 1 ¢
S+A

Poo— “’2 )\'20' P
K A () + i)+, 0R"
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Poo = POl[%+“TZK}

K= )\,2(1
dot 1)+ 1,) + A oR"

n
Pn1 = P ()‘] _Klvlan
H

P2 = LIMSP, ,(s)
n—oo !

- S Py, (s).R"al
o (S+ A+ )(S+ A+ py) + A %aR"

P = Vo R"
(A + 1) M+ i) +pp0%0R"

.Pol

PnZ = P01 K Rn
Expected Queue length on vacation

n

= Zn Py =0

i=0

=> server is on vacation if there is no customer

Log = > .nPy,
n=a
L,.= Po in /1206 i
'8 (A+ )4+ ) + 1, ' oR"

Expected Busy Periods
E(idle Period)

Pon =
“” E(idle Period) + E(Busy Period)
E(IdP) = L
A
1
Poo = A —~P. = 1
00 —
1 +E(BP) 1+ XE(BP)
A
= 1+AEgp= — = Egp=
Poo APy
The following differential equation
Let Poo =0.6
Egp = 1-0.6
1(0.6)
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From the above equation we obtained the value of working

vacation queue length or busy period queue length at
different arrival rates and service rates. It is clear from the
above equation that if service rate p, increase then working
vacation queue length is decreases. Also, it is clear from the
if arrival rate A is increases then queue length is also
increases.

I11.  Tables and figures.
Table- I, 11, give the value of working vacation queue length
or busy period queue length at different arrival rates and
service rates. Fig. | shows the behavior of working vacation
queue length. It is clear from the graph that if service rate p;
increase then working vacation queue length is decreases.
Fig. Il shows the behavior of working vacation queue
length. It is clear from the graph that if arrival rate A is
increases then queue length is also increases.

0.06

0.06

0.1 0.7 04 0.035714286  0.011639526

0.1 08 04 0.03125 0.009775656

Table |

Po1 A i A L gy

0.06 01 03 0.08333333 0.04413793

0.06 02 03 0.16666667 0.23310346

0.06 03 03 0.25 0.89839085

Table - 11

Poi A [T A Lawy
0.06 01 04 04 0.0625 0.02648157
0.06 01 05 04 0.05 0.018678107
0.06 01 06 04 0.041666667  0.014359822
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(1]

(2]

(3]

(4]

(5]

(6]

V. Conclusion

It is clear from the Fig. -l that if the arrival rate is
increases than queue length is also increases. Also From
Fig — I, it is clear that if the service rate is increases

than queue length decreases.
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