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Abstract—A Strong Roman dominating function (SRDF) is a function  3,2,1,0: Vf satisfying the condition that every 

vertex u  for which   0uf  is adjacent to at least one vertex v  for which   3vf and every vertex u  for which   1uf  is 

adjacent to at least one vertex v  for which   2vf . The weight of an SRDF is the value     


Vu
ufVf . The minimum weight 

of an SRDF on a graph G  is called the Strong Roman domination numberof G . In this paper, we attempt to verify some properties on SRDF 

and moreover we present Strong Roman domination number for some special classes of graphs. Also we show that for a tree T  with 3n  

vertices, l  leaves and s  support vertices, we have  
4

6 sln
TSR


  and we characterize all trees achieving this bound. 
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I.  INTRODUCTION  

Mathematical study of domination in graphs began 

around 1960, there are some references to domination related 

problems about 100 years prior. In 1862, De Jaenisch [2] 

attempted to determine the minimum number of queens 

required to cover a nn   chess board. Except as indicated 

otherwise, all terminology and notation follows [5, 4, 9]. Let 

 EVG ,  be a graph of order nV  . For any vertex 

Vv  the open neighborhood of v  is the set 

   EuvVuvN  and the closed neighborhood is 

the set      vvNvN  . For a set VS   the open 

neighborhood of S is    
Sv

vNSN


  and the closed 

neighborhood is     SSNSN  .A set S of vertices is 

called a vertex cover if for every edge Evu   either Su

or Sv . A graph G  is said to be connected if there is at 

least one path between every pair of vertices in G . Otherwise, 

G  is disconnected. A graph with no cycle is acyclic. A forest 

is an acyclic graph. A tree is a connected acyclic graph. A 

rooted tree T  distinguishes a vertex r called the root. A 

vertex of degree 1  is called a leaf which denoted by l . A 

adjacent leafof vertex u  in a tree T  is a neighborhood of u  

that is a leaf in T . A support vertex (also called a stem in the 

literature) is a vertex of degree at least 2  that is adjacent to at 

least one leaf. A support vertex adjacent to two or more leaves 

is a Strong support vertex. A Weak support vertex is a support 

vertex that is adjacent to exactly one leaf. Also we denote the 

set of leaves in G  by  GL  and the setof support vertices 

by S(G). A Star is the graph kK ,1 where 1k . If 1k , the 

vertex of degree k  is called the Center vertex of the star. A 

Double star is formed from two disjoint stars by joining the 

center vertices of each by an edge. Thus a Double star is a tree 

with exactly two vertices that are not leaves.  

We now introduce the concept of dominating sets in 

graphs. A set VS  is a dominating set if   VSN   or 

equivalently, every vertex in SV  is adjacent to at least one 

vertex in S . The domination number  G  is the minimum 

cardinality of a dominating set in G  and a dominating set S

of minimum cardinality is called a   setG  of G , see 

[10]. Let  2,1,0: Vf  be a function having the 

property that for every vertex Vv with   0vf , there 

exists a neighborhood  vNu  with   2uf . Such a 

function is called a Roman dominating function or just an 

RDF. The weight of an RDF is the value 

    


Vu
ufVf . The minimum weight of an RDF on 
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G  is called the Roman domination number of G  and is 

denoted by  GR , see  [1, 10].  

K. Selvakumar et al. [8] introduced Strong Roman 

domination in 2016. A Strong Roman dominating function 

(SRDF) is a function  3,2,1,0: Vf  satisfying the 

condition that every vertex u  for which   0uf  is 

adjacent to at least one vertex v  for which   3vf  and 

every vertex u  for which   1uf  is adjacent to at least 

one vertex v  for which   2vf . The weight of an SRDF 

is the value     


Vu
ufVf . The minimum weight of 

an SRDF on a graph G  is called the Strong Roman 

domination numberof G .  

In 2004, Cockayne et al. [1] studied the graph 

theoretic properties of Roman dominating sets. In recent years 

several authors studied the concept of Roman dominating 

functions and Roman domination numbers [12, 6, 7, 11]. In 

this paper, we present some results on SRDF and Strong 

Roman domination number for some special classes of graphs. 

Also we show that for a tree T  with 3n  vertices, l  leaves 

and s  support vertices,  
4

6 sln
TSR


  and we 

characterize all trees achieving this bound. 

Proposition: For any graph G , there exists an SRDF, 

 3210 ,,, VVVVf   of G , such that 1V .  

Proof: 

Let 1V and Vu . By the definition of SRDF, 

there exists a vertex 2Vv  such that  uNv . Hence a 

function         vVvVuVuVg  3210 ,,,   is 

an SRDF. Continuing with the same argument we find an 

SRDF with 1V . Therefore, the proposition follows. □ 

Theorem 1: For any graph G , 

     .32 GGG SR    

Proof: 

Suppose that  3210 ,,, VVVVf  is a 

  functionGSR  and  00 nV  , 11 nV  , 

22 nV   and 33 nV  .   

   

 

.23 123 nnn

uf

VfG

Vu

SR












 

 03 VV The set 3V dominates the set 0V . 

 12 VV The set 2V dominates the set 1V . 

It is implied that 32 VV   is a dominating set of G . So 

  32 VVG  , thus  

 

 .

32

222

321

32

G

VVV

VVG

SR









 

Hence 

   .2 GG SR                  (1)  

Now, let S  be a set ofG . Then   SG  . We can 

define an SRDFon G , for all Sv we have   3vf  and 

also for all Su  we have   0uf . Therefore 

   SVVVV ,,,,,, 3210   is an SRDF. It is 

impliedthat 00 V , 01 V , 02 V  and SV 3

. Therefore 

 

 .3

3

3 3

G

S

VGSR











 

Hence 

    .3 GGSR                       (2)  

From (1) and (2) we get      GGG SR  32  . □ 

Theorem 2: For any graph G  of order n , 

   GGSR  2  

if and only if nKG  . 

Proof: 

Suppose that  3210 ,,, VVVVf  isa 

  functionGSR  . Thus 32 VV   is a dominating set of 

the graph G . Therefore   32 VVG  . The equality 

   GGSR  2  implies that we have equality in  

 

 .

32

222

32

32

G

VV

VVG

SR









 

So 03 V , which implies that 0V . Hence all vertices 

are assigned with 2  and therefore 

 

.2

2 2

n

VGSR




 

This implies that   nG   which shows that nKG  . 

Conversely, It is obvious that if nKG  , then 

   GGSR  2 . □ 
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Theorem 3: For any graph G ,  

    .GG SRR    

Proof: 

Suppose that  3210 ,,, VVVVf   is a 

  functionGSR  . Let  210 ,, YYYg   be an RDF 

on G where 00 VY  , 21 VY   and 32 VY  . Therefore  

 

  .

32

2

2

32

32

21

G

VV

VV

YYG

SR

R













 

Thus     .GG SRR    □ 

Based on above theorem, we know that 

    1 GG RSR  . In the next theorem, we will 

discuss the equation of this inequality. 

Theorem 4:     1 GG RSR   if and only if 

  1 nG . 

Proof: 

Suppose that     1 GG RSR   and 

 3210 ,,, VVVVf  isa   functionGSR  . Define 

 210 ,, YYYg   is an RDF on G where 00 VY  , 

21 VY   and 32 VY  . Therefore 

 

.2

2

32

21

VV

YYGR





 

On the other hand, if 02 V  and also 03 V , then  

   
.232

1122

32

323232





VV

VVVVVV

 

Hence 

 

  .1

132

121

32

32







G

VV

VVG

SR

R





 

Thus    GG SRR  1 , which is a contradiction. 

Therefore 03 V or 02 V . 

Let 03 V  and if 12 V , then  

 

.22 2

2





V

VGR
 

Hence 

 

  .1

12

11

2

2







G

V

VG

SR

R





 

Thus    GG SRR  1 which is a contradiction. 

Therefore in this case, 12 V  and thus 1KG  .  

Now, assume that 02 V  and if 13 V , then  

 

.23

2

3

3





V

VGR
 

Similarly, we get    GG SRR  1 , which is a 

contradiction. Therefore in this case, 13 V  and if 

 vV 3 , then   1deg  nv . Thus G  has a vertex of 

degree 1n .  

Therefore in each case   1 nG .  

Conversely, If   1 nG , then   3GSR

and   2GR . So     1 GG RSR  . □ 

Theorem 5: For any path nP , 

 
 

 








3mod0,1

3mod0,

nn

nn
PnSR . 

Proof: 

Suppose that a , b  and c  are consecutive vertices 

and  3210 ,,, VVVVf   is a   functionGSR   of

nP , respectively. If two vertices of  cba ,, belongingto 

0V , then either one of those vertices belongs to 3V , which in 

this case we have  

      ,3 cfbfaf  

or 0, Vca  and 2Vb . In this case, all vertices which are 

adjacent to a  and c  are named x  and y should belongto 3V

. Therefore  

          .8 yfcfbfafxf  

So, always  

   

.n

VfPnSR




 

Now, we use an induction on the order n . Assume the result 

is true for 6n . Suppose that 7n  and it is true for 

nm  . If  3mod0n and nn vvvP 21 , we put 

 
 

 
.

3mod2,0

3mod2,3










i

i
vf i  

Hence, f is an SRDF and also  

http://www.ijritcc.org/
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   

.

1

n

vfVf
n

i

i




  

Therefore   nPnSR  .  

On the other hand, we have shown for any n ,   nPnSR  . 

Hence   .nPnSR   

Now, let  3mod0n  and  3210 ,,, VVVVf   be a 

  functionGSR  .  

If 2V , then it is easy to show that 

    1 nVfPnSR . 

If 2V , then assume that for ni 1 ,   2ivf . We 

consider the following cases:  

Case 1: 1i or ni  . 

Without loss of generality, suppose that 1i , 

  21 vf . Hence  

.11  nn PvP  

By the induction, we know that 

  11  nPnSR . On the other hand, it is 

clearly, 
1


nP

fg be an SRDFon 1nP . Thus   

   
.1

1



 

n

PVg nSR
 

Therefore 

   

 

 

.1

21

2









n

n

Vg

VfPnSR

 

Hence   1 nPnSR .  

Similarly, we can prove that the result is true for 

ni  . 

Case 2: ni ,1 . 

Hence we put 1211   ii vvvP  and 

niiin vvvP 21   . We know that 

 
  .

,11

inP

iP

inSR

iSR












 

On the other hand, it is clearly, the functions 

1
1




iP

fg  and 
inP

fg


2  are two 

SRDFs on 1iP and inP  , respectively. Thus    

   

   
.

,1

2

11

in

PVg

i

PVg

inSR

iSR

















 

Therefore 

   

   

   

.1

21

221









n

ini

VgVg

VfPnSR

 

Hence   1 nPnSR . 

Therefore in both cases   1 nPnSR . 

 Now we define the function f  on path nP  if 

 3mod0n  as follows:  

1) If  3mod1n , then  

 
 
  .

,2

,3mod2,0

3mod2,3

















ni

nii

i

vf i  

 

2) If  3mod2n , then 

 
 

 
.

3mod2,0

3mod2,3










i

i
vf i  

In both cases f  is an SRDF on path nP  of weight 1n . 

Hence   1 nPnSR .  

Since we have shown that before   1 nPnSR , 

therefore if  3mod0n , then we have 

  1 nPnSR . □ 

II. A NEW UPPER BOUND IN TREES 

It has been shown that the domination number of a 

connected graph G  of order n  is at most 
2

n
 [4]. Regarding 

the fact that    GGSR  3 , we get  

    .
2

3
3

n
GGSR    

Our aim in this section is improve this bound on trees. We 

show that for any tree T  of order n  with l  leaves and s  

support vertices, we have  
4

6 sln
TSR


 . Moreover, 

we characterize all trees achieving this bound. 
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Theorem 6: If T  is a tree of order 3n  with l  leaves and 

s  support vertices, then  

  .
4

6 sln
TSR


  

Proof: 

We prove this by induction on order n  of tree T .  

If   2Tdiam , then T  is a Star. Therefore 1 nl , 

1s  and   3TSR . Hence  

 

 

.
4

5

4

116

4

6

3

n

nn

sln

TSR











 

Now, assume that   3Tdiam . In this case, T  is a 

Double Star baS ,  with central vertices u  and v  with degrees 

of a and b , respectively. Without loss of generality, suppose 

that ba  . 

If 2a , then 2b  and thus 4PT  . Therefore 

 

.
4

6

5

sln

TSR






 

Now, let 3a . If 2b , then the function 

      uvNuNf ,,,  is a 

  functionTSR  . Since 5n , 2 nl  and 2s , 

we have  

   

 

.
4

6

5

32

32 32

sln

vN

VV

VfTSR












 

Now, let 3b . In this case, 6n , 2 nl , 2s  and 

the function       vuvuTVf ,,,,,   is an 

SRDF on tree T . Hence 

   

.
4

6

6

32 32

sln

VV

VfTSR










 

So, we can assume that   4Tdiam . If T  has a Strong 

support vertex u  and also v  and w  are adjacent leaves to u , 

then we consider wTT  . Let n , l   and s  be order , 

number of leaves and number of vertices of tree T  , 

respectively. Since   4Tdiam , we get 3n . 

Therefore by induction  
4

6 sln
TSR


 . Suppose 

that  320 ,,, VVVg   is a   functionTSR  .  

If   3ug , then extension of g  by assigning the weight 

0  to w  is an SRDF on tree T . Thus, since 1 ll and 

ss  , we have  

   

 

   

.
4

6

4

116

4

6

sln

sln

sln

T

VgT

SR

SR


















 

Now, let   3ug . Then   2vg . Therefore the 

function f with     0 vfwf ,   3uf  and for 

any other vertex x , we have    xgxf   is an SRDF on 

tree T . Hence 

   

 

 

   

.
4

6

1
4

116

1
4

6

1

1

sln

sln

sln

T

Vg

VfT

SR

SR
























 

Therefore, we can consider the following Fact. 

Fact:T  has no Strong support vertex. 

We root the tree T  at vertex 0x . Support that 

dxxxP 10  is a diagonal path. Based on Fact, 

  2deg 1 dx . We consider the following cases: 

Case 1:   3deg 2 dx . 
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In this case, every child of 2dx  is either a leaf or a 

support vertex of degree 2 . Since based on Fact, T  

does not has a Strong support vertex, we consider 

 1,  dd xxTT . So, 2 nn , 

1 ll  and 1 ss . Suppose that

 3210 ,,, VVVVf  isa 

  functionTSR  .  

If   22 
dxf , then the function 

 3210 ,,, VVVVf   where 

 200 , 
 dd xxVV  ,  11 VV , 

 222  dxVV  and  dxVV 33
  is an 

SRDF on tree T . Thus  

   

 
  .1

1







T

Vf

VfT

SR

SR





 

Since   4Tdiam , we get 3n . Then under 

the hypothesis 

   

     

.
4

6

1
4

1126

1
4

6

1

sln

sln

sln

TT SRSR














 

 

Now, let   32 
dxf . So, the function 

    3210 ,,, VxVxVf dd
     is an 

SRDF on tree T . Thus by hypothesis we have  

   

 

 

     

.
4

6

2
4

1126

2
4

6

2

2

sln

sln

sln

T

Vf

VfT

SR

SR
























 

Therefore, we can assume that for each 

  functionTSR  , the weight of the vertex 

2dx  is equals to 0 . 

Assume that 2dx  is a support vertex. Based on 

Fact, T  has only an adjacentleaf .we consider u  as 

an adjacent leaf to 2dx . If 2dx  has a support 

child v  other than 1dx , then since 

  02 
dxf , we can assume   3 vf , 

  2 uf  and the child weight of v  is equals to 

0 . By changing the weight of the vertices u  and v  

to 0 , 2dx  to 3  and child of v  to 2  a new 

  functionTSR   is obtained where weight of 

2dx  is not equals to 0 , which is a contradiction. 

Since we assume that for each 

  functionTSR  , we have the weight of 

2dx  is 0 . So, we can assume that the only support 

child 2dx  is the vertex 1dx . We put 

2


dxTTT . In this case, 4 nn . Since 

  4Tdiam , we get 2n . 

If 2n , then 1FT   shown in the figure (1). In 

this case, 6n , 3 sl  and   7TSR . 

Therefore 

 

.
4

6

4

30

7

sln

TSR








 

Now, assume that 3n . Therefore based on 

inductive hypothesis  
4

6 sln
TSR


 . 

Any   functionTSR   can be extended to an 

SRDF on tree T by assigning the weight 3 to 2dx , 

2  to dx  and 0  to 1dx and u . Thus 

    5 TT SRSR  .  

If   2deg 3 dx , then 1 ll and 2 ss

. Therefore 

   

     

.
4

6

5
4

2146

5
4

6

5

sln

sln

sln

TT SRSR














 

 

Now, let   3deg 3 dx . In this case, 2 ll

and 2 ss . Hence 
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   

     

.
4

6

5
4

2246

5
4

6

5

sln

sln

sln

TT SRSR














 

 

Therefore in this case, if 2dx  is a support vertex, 

then  
4

6 sln
TSR


 .  

Now, assume that 2dx  is not a support vertex. 

If 2dx  has three children u , v  and w  other than 

1dx , then we put  1,  dd xxTT . We 

already assumed that for each 

  functionTSR   the weight of 2dx  is 

equalsto 0 . We consider that the function f   is a 

  functionTSR  , therefore   02 
dxf . 

Hence we can assume 

      3 wfvfuf  and the child 

weight of each of the vertices u , v  and w  are 0 . In 

this case, by changing the weight of the vertices u , 

v  and w  to 0 , childof each of the vertices u , v  

and w  to 3  and 2dx  to 3 , we obtain a 

  functionTSR   where the weight of the 

vertex 2dx  is not equals to 0  which is a 

contradiction, since we previously assumed that for 

each   functionTSR  , we have the weight of 

the vertex 2dx  is equals to 0 . 

So, we can assume that 2dx  has at most two 

support children other than 1dx . 

First, assume 2dx  has two support children u  and 

v  other than 1dx . We put 
2


dxTTT . Since 

  4Tdiam , we get 2n . 

If 2n , then 2FT   shown in the figure (1). In 

this case, 9n , 4 sl  and   11TSR . 

Thus  
4

6 sln
TSR


 .  

Now, let 3n . In this case, 7 nn  and under 

the hypothesis  
4

6 sln
TSR


 . Any 

  functionTSR   can be extended to an SRDF 

on tree T  by assigning the weight 3  to the vertices 

u , v  and 1dx and 0  to all their neighboring 

vertices. Therefore     9 TT SRSR  .  

If   2deg 3 dx , then 2 ll and

3 ss . Hence  

   

     

.
4

6

9
4

3276

9
4

6

9

sln

sln

sln

TT SRSR














 

 

Now, let   3deg 3 dx . In this case, 3 ll

and 3 ss . Thus 

   

     

.
4

6

9
4

3376

9
4

6

9

sln

sln

sln

TT SRSR














 

 

Now, we support that 2dx  has only one support 

child other than 1dx . Let u  be a support child 

2dx  other than 1dx . We put 
2


dxTTT . So 

5 nn , 2 ll  and 2 ss . Since 

  4Tdiam , we get 2n . 

If 2n , then 3FT   shown in figure (1). So, 

7n , 3 sl  and   9TSR . Hence 

 
4

6 sln
TSR


 . 

Now, let 3n . So based on inductive hypothesis 

 
4

6 sln
TSR


 . Any 

  functionTSR   can be extended to an SRDF 

on tree T  by assigning the weight 3  to the vertices 

u  and 1dx and 0  to all their neighboring vertices. 

So,     6 TT SRSR  . And therefore 
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𝑣 

𝑇𝑗  

𝑢 

𝑣 

   

     

.
4

6

6
4

2256

6
4

6

6

sln

sln

sln

TT SRSR














 

 

Case 2:   2deg 2 dx . 

We put 
2


dxTTT . Since   4Tdiam , we 

get 2n . 

If 2n , then 5PT  . Thus  

 

.
4

6

5

sln

TSR






 
Now, let 3n . In this case, 3 nn , 

1 ll  and 1 ss . Any 

  functionTSR   can be extended to an SRDF 

on tree T  by assigning the weight 3  to the vertices 

u  and 1dx and 0  to all their neighboring vertices. 

Therefore     3 TT SRSR  . Hence with 

the hypothesis we have 

   

     

.
4

6

3
4

1136

3
4

6

3

sln

sln

sln

TT SRSR














 

 
So the problem is solved. □ 

 

 

 

 

Figure 1.Trees 1F , 2F  and 3F . 

In the following, we characterize all the trees 

subjected to the condition  
4

6 sln
TSR


 . Let F  

be a family of trees T  where it comes from a sequence of 

trees jTTT ,,, 21  ,  1j  such that 41 PT   or 

31 FT   (Shown in Fig 1) and if 2j , then 1jT  can be 

obtained from jT  with one of two operations 1O  or 2O .  

A. Operation
1
O  

Let  
jTVu ,    

jSRjSR TuT    and 

  2deg u . In this case, 1jT  is obtained from jT  by 

adding a path 4P  with the support vertex v  and adding the 

edge vu . (See Fig 2) 

 

 

 

 

Figure 2.Operation 1O .` 

B. Operation 2O  

Let  
jTVu ,    

jSRjSR TuT    and 

  2deg u . In this case, 1jT  is obtained from jT  by 

adding a tree 3F  with adding the edge vu  where v  is a 

central vertex of tree 3F . (See Fig 3) 

 

 

 

Figure 3.Operation 2O . 

To prove that each tree FT   satisfy the condition 

 
4

6 sln
TSR


 , the following two Lemmas will be 

useful. For each 1k , let kn , kl  and ks  denote order, 

number of leaves and number of support vertices of tree kT , 

respectively. 

2F

F
1 

3F

F
1 

𝑇𝑗  

u 

1F

F
1 
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Lemma 1: Let  
4

6 jjj

jSR

sln
T


  and 1jT  is 

obtained by jT  with operation 1O , then  

  .
4

6 111

1








jjj

jSR

sln
T  

Proof: 

Suppose that the path zyvxP 4  and the vertex u  

is operation dependent. Any   functionT jSR   can be 

extended to an SRDF on tree T  by assigning the weight 3 to 

v , 2  to z  and 0  to x and y . Therefore 

    51  jSRjSR TT  . Now, suppose that f  is a 

  functionT jSR 1 . 

If   0uf , then 
jT

f  is an SRDF on tree jT . So, in this 

case, we have 

   
    .4PVfVf

VfT
jTjSR




 

Now, assume that   0uf . Hence 
uT j

f


 is an SRDF 

on uT j  . Therefore    
uTjSR

j

VfuT


  and so 

by the assumption  

   
 
    .4PVfVf

Vf

uTT

uT

jSRjSR

j











 

On the other hand, always    54 PVf .  

So, in both cases we have  

      

 
  .5

5

1

4







jSR

jSR

T

Vf

PVfVfT





 

Therefore     51  jSRjSR TT  . Since 

  2deg u , we get 21  jj ll  and 21  jj ss . 

So, by induction we have  

   

     

.
4

6

5
4

2246

5
4

6

5

111

111

1






















jjj

jjj

jjj

jSRjSR

sln

sln

sln

TT 

 

Now, hence the proof. □ 

Lemma 2: Suppose that  
4

6 jjj

jSR

sln
T


  and 

1jT  is obtained with the operation 2O of jT , then  

  .
4

6 111

1








jjj

jSR

sln
T  

Proof: 

Let 3F  be a tree with central vertex v  and vertex 

 
jTVu  is dependent to operation 2O . Suppose that f  

is a   functionT jSR 1 . 

If   0uf , then 
jT

f  is an SRDF on tree jT . Thus  

   
    .3FVfVf

VfT
jTjSR




 

Now, let   0uf . In this case, we have  

   
 
    .3FVfVf

Vf

uTT

uT

jSRjSR

j











 

On the other hand, always    93 FVf . 

So, in both cases we have  

      

 
  .9

9

1

3







jSR

jSR

T

Vf

FVfVfT





 

Also any   functionT jSR   can be extended to an SRDF 

on tree T  by assigning the weight 3  to the support vertices of 

tree 3F  and 0  to other vertices of tree 3F . Thus 

     

  .9

3 31





jSR

jSRjSR

T

FSTT




 

Therefore     91  jSRjSR TT  . Clearly 

71  jj nn  and since   2deg u , we get 

31  jj ll  and 31  jj ss . So, by induction we 

have  

   

     

.
4

6

9
4

3376

9
4

6

9

111

111

1






















jjj

jjj

jjj

jSRjSR

sln

sln

sln

TT 

 

Now, hence the proof. □ 
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Theorem 7: For any tree T  of order 3n  with l  leaves 

and s  support vertices,  
4

6 sln
TSR


  if and only 

if FT  .  

Proof: 

Suppose that  
4

6 sln
TSR


 . We proceed 

by an induction on the order n  of a tree T .  

If   3Tdiam , then based on proof of Theorem 6, we get 

4PT   and thus FT  .  

Now, let   4Tdiam . We root the tree T  at vertex 0x . 

Suppose that  dxxxP 10  isa diagonal path.  

Based on proof of Theorem 6, T  does not have a Strong 

support vertexand if 3FT  , then only in following two 

cases are  
4

6 sln
TSR


  holds: 

Case 1:   3deg 2 dx ,   3deg 2 dx  and 2dx  

is a support vertex.  

In this case, we put 
2


dxTTT . Let u  be 

adjacent leaf to 2dx . Hence 42
PT

dx 


. To prove 

that T  is obtained fromT   with operation 1O , it is 

enough to show    TxT SRdSR
   3 .  

Let FT  . On contrary, suppose that 

   TxT SRdSR
   3 . Any 

  functionxT dSR   3  can be extended to 

an SRDF on tree T  by assigning the weight 3  to 

2dx , 2  to dx  and 0  to 1dx  , 3dx  and u . 

Therefore     53  dSRSR xTT  . Thus  

   
 

     

.
4

6

5
4

2246

5
4

6

5

53

sln

sln

sln

T

xTT

SR

dSRSR
















 





 

Therefore  
4

6 sln
TSR


  which is a 

contradiction. So,    TxT SRdSR
   3 . 

Now, let FT  . In this case, 

 
4

6 sln
TSR


 . Any 

  functionTSR   can be extended to an SRDF 

by assigning the weight 3 to v , 0  to u  and 1dx

and 2  to dx . Thus      

   

     

.
4

6

5
4

2246

5
4

6

5

sln

sln

sln

TT SRSR














 

 

Therefore  
4

6 sln
TSR


  which is a 

contradiction.  

Hence FT  . Thus T  is obtained from T   with 

operation 1O . 

Case 2:   4deg 2 dx ,   3deg 2 dx  and 2dx  

has exactly two support children u and v  other than 

1dx .  

We put 
2


dxTTT . In this case, 32

FT
dx 


. 

Any   functionTSR  can be extended to an 

SRDF by assigning the weight 3 to 1dx , u  and v

and 0  to all their neighboring vertices. Thus 

    9 TT SRSR  .  

If FT  , then  
4

6 sln
TSR


 . 

Therefore 

   

     

.
4

6

9
4

3376

9
4

6

9

sln

sln

sln

TT SRSR














 

 

So,  
4

6 sln
TSR


  which is a 

contradiction. Hence FT  . 

To prove that T  is obtained fromT   with operation 

2O , it is enough to show that 
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   TxT SRdSR
   3 . Any 

  functionTSR   can be extended to an SRDF 

by assigning the weight 3 to 2dx , 0  to 3dx  and 

vertices  
2dxTS  and 2  to  

2dxTL . Thus 

    93  dSRSR xTT  . Therefore  

   
 

     

.
4

6

9
4

3376

9
4

6

9

93

sln

sln

sln

T

xTT

SR

dSRSR
















 





 

Thus  
4

6 sln
TSR


  which is a 

contradiction.  

So    TxT SRdSR
   3 . Therefore T  is 

obtained fromT   with operation 2O . Hence FT 

.  

Hence in both cases FT  . 

Conversely, let FT  . We apply induction on the 

number of operations performed to construct a tree T .  

 If 4PT  or 3FT  , then clearly  
4

6 sln
TSR


 . 

Now, let 4PT  and 3FT  . Based on the structure of F , 

let T  be obtained of FT   with operations 1O  and 2O . 

Under the hypothesis we have  
4

6 sln
TSR




where n , l   and s  denote order , number of leaves and 

number of vertices of tree T  , respectively.    

If T  is obtained fromT   with operation 1O , then based on 

Lemma 1 we have  
4

6 sln
TSR


 . 

Also, if T  is obtained fromT   with operation 2O , then from 

the Lemma 2 it follows that  
4

6 sln
TSR


 .  

Hence the proof. □ 
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