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1.1 Introduction:

In recent years, the subject of fractional calculus has attracted the great attention of mathematicians and a variety of results are
available in literature. It is mainly due to its numerous applications in the fields of Physics, Mechanics, Chemistry, and
Engineering [1, 13, 14]. Initial and boundary value problems of fractional order integral and differential equations have been
extensively studied by several researchers. However, the same for integral and differential inclusions are rare. Integral and
differential inclusions are regarded as generalizations of differential equations and inequalities (see Aubin Cellina et. al. [12], K.
Deimling [15]). Differential inclusions arise in the mathematical modeling of certain problems in economics, optimal control, and
stochastic analysis, and so are widely studied by many authors ([16, 18, 19, 22]). Neutral functional differential equations is an
important topic of functional differential equations and an exhaustive treatment may be found in Benchohra et. al. [17, 18].

The fixed-point theory for multivalued mappings is an important topic for multivalued analysis. Several well-known fixed point
theorems of single-valued mappings such as those of Banach and Schauder have been extended to multi-valued mappings. The
hybrid fixed point theorems for multi-valued mappings are very useful in proving the existence results under mixed Lipschitz and
Caratheodory conditions.

In this paper, we shall study the existence of solution for a neutral functional differential inclusion of fractional order under the
mixed Lipschitz and Caratheodory conditions. The main tools used in the study are the fixed point theorems [6, 7].

Statement of the problem:

Let R denote the real line. Let Lo = [ —7,0] and { = [0, @] pe two closed and bounded intervals in R. Consider the fractional
order neutral functional differential inclusion (in short FNFDI)

D‘f(x(t) — (e, xt)) €G(t,x;) a.etE I]
x =g@(t) t€]

Where f:1 X € — R gpg G:I X € — P(R") 3nd P(R") denotes the class of all non-empty subsets of R".( R" pe an

n-dimensional Euclidean space). For X = (x4, - Xp) ERT

(1.1.1)

We define a norm || in R" by
[x| = x| + ... + [x5]

And C = C(Iy, R™) denote the Banach space of all continuous R"_valued functions on 0 with the usual supremum norm Il
given by

llellc = suplle(@)|; —r =6 < 0}
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For any continuous function % defined on the interval J=1[-r,al =IgUI ang t € I we denote by Xt the element of c
defined by

x(@)=x(t+0) —-r<=6<00<t<a

Where the function @ € €
Let us start by collecting some preliminary and important basic definitions and auxiliary results that will be used in the sequel.
1.2 Preliminaries

Fractional Calculus (see [1, 11, 20])

Definition 1.2.1 [3]: Let X be a Banach space. An operator T:X — X js called compact if for any bounded subset S of X,

T(S) is a relatively compact subset of X 11 T is continuous and compact, then it is called completely continuous on X

Definition 1.2.2[6]: Let X be a Banach space. A mapping T: X — X s called Lipschitz if there exists a constant & = 0 such

that, ITx — Tyl < allx = yll foran %,y €X 1 < 1 then T is called contraction on % with the contraction constant &.

1
Definition 1.2.3[20]: The Riemann-Liouville fractional integral of order ¢ = 0 of a continuous function £ € L'[0,T] js
defined by

1 t
1O = 17 f (= f(e)ds

Provided the right-hand side is point-wise defined on (0, )

1
Definition 1.2.4 [20]: The Riemann-Liouville fractional derivative of order ¢ > 0 of the function g € L [0, T] defined by

ﬁ(%)ﬂ f: (t— )" 1 g(s)ds

n—1l<é<n

Dig(t) =

Where I denotes the Euler gamma function.
Theorem 1.2.1 [10]: A metric space X is compact iff every sequence in X hasa convergent subsequence.

Theorem 1.2.2[10]: If every uniformly bounded and equicontinuous sequence ek of functions in C(R+, R), then it has a
convergent subsequence.

Multivalued Analysis (see [15, 21])

Let P(X) denote the class of all nonempty subsets of X. And ?c!(X), Pbd(X), PCP(X) and P(X) denote respectively, the

classes of all closed, bounded, compact, and convex subsets of X

Definition 1.2.5 [9]: A mapping Q:X — PX) is called a multivalued mapping or a multivalued operator onX and a point
u € X js called a fixed point of € if 4 € Qu,

Let X, [I-1D be a norm space, P(X) denote the set of all non-empty subsets of X
Let @: X — P(X) be a multivalued map then

Definition 1.2.6 [21]: Q is convex valued if Q(X) is convex for all X € X
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Definition 1.2.7 [15]: @ is bounded on a bounded set if @(Y) = Uyey Q(x) is bounded in X for ann ¥ € lpb(X), that is
supey{sup{lyl:y € Q(x)}} < o

Definition 1.2.8 [15]: Q is upper semi-continuous (u. s. ¢.) on X if for each Xo € X, the set Q(xp) is a closed subset of X, and
if for each open set Nof X containing Q(xp) , there exists an open neighborhood N0 of X0 such that Q(Wy) c N

Definition 1.2.9 [21]: Qis compact if Q(X) is a compact subset of X

Definition 1.2.10 [15, 21]: Qis totally bounded if for any bounded subset S of X, Q(S) = Uyes Qx is totally bounded subset
of X.
It is clear that every compact multivalued operator is totally bounded, but the converse may not be true. However, the two notions

are equivalent on a bounded subset of X
Definition 1.2.11 [15, 21]: Qis completely continuous if it is upper semicontinuous and compact multivalued operator on X
Definition 1.2.12 [15, 21]: Q is completely continuous if Q(B) is relatively compact for every BEP, (X) :

Definition 1.2.13 [15, 21]: If the multi-valued map Qis completely continuous with nonempty compact values, then, Qisus.c. if
and only if € has a closed graph, that is, Xn = X+, ¥n = ¥« ¥n € Qxy) imply that V= € Q(x.).

Definition 1.2.14 [15, 21]: The multi-valued map @ has fixed point if there is X € X such that ¥ € Q(x), The fixed point set of
@ will be denoted by Fix@.

The following Lemma is used in sequel

Lemma 1.2.1 [15]: If G:X — PY) s u.s.c., then GT(G) is a closed subset of X X Y that is, for every sequence
{Xntnen © X and Vnlnen CY | if when M — ®, Xp — X. | Yy — V. and Vn € G(x) | then V. € G(x.).

Conversely, if Gis completely continuous and has a closed graph then it is upper semi-continuous.

Lemma 1.2.2 [2]: Let X be a Banach space. Let F:JXR - lpfilw(x) be an Lt Caratheodory multivalued map and let © pe
a linear continuous mapping from Ll(U,X) to C(J, X). Then, the operator Qo Sg: C(H' X) — me(Cﬂ], X)),
x— (@2 S5p)(x) = @(SFJ) is a closed graph operator in C(J,X) xC([,X),

The following theorem due to Dhage is used in the proof of existence the solution.

Theorem 1.2.3 [8]: Let X be a Banach algebra and let A: X = Py cppa(X) and

B:X = P p.cv(X) pe multi-valued operators, satisfying

@) A is contraction with contraction constants k

(b) Bis completely continuous
Then either

I. The operatorinclusion ~ AX € Ax +BX hasasolutionfor 4 =1or
. Theset €= 1{u€ X, Au € Au+Bu,d > 1} s ynbounded.

1.3 Existence Theory
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Let R denote the real line. Let fo = [—7,0] and [ = [0, a] be two closed and bounded intervals in R. R" be an n-

dimensional Euclidean space. For X = (X1, -, X,) € R",
We define a norm |-l in R" by
[x] = |x1| + - + |xal

And € = C(I, R™) denote the Banach space of all continuous R".valued functions on o with the usual supremum norm II-Il¢
given by

llellc = sup{le(@)|: —r = 6 < 0}

For any continuous function X defined on the interval J = [=7r,a] =IgUI gng t € I e denote by Xt the element of C
defined by

(@) =x(t+0) —-r<6<00<t<a
Where the function @ € C

We seek the solution of (1.1.1) in the space C(J, R") of continuous real valued functions defined on J. Define a norm 111l and a
multiplication “.” in C(J]! R") by

llxll = supsep|x(2)|
and (e.y) () = () (&) =x(®)y(t) t €] foranxy € C(J,R"),

Then C(J, R") is Banach algebra w. r. t. the above norm and multiplication in it.

1
1 —
By L™(J, ™) we denote the space of Lebesgue-integrable function on J with the norm | -"Ll defined by [l = fn |x(2)|dt
Definition 1.3.1 [5]: A multivalued mapping G:] x C - P(R") is said to be Caratheodory if

0] t = G(t, x) is measurable foreach ~ X € C;

(i) x = G(t, %) js upper semicontinuous for almost all te],;
1
Further a Caratheodory function G is called L -Caratheodory if

1
(iii) For each real number >0  there exists a function h, € L*(J,R") such  that
lG(t, )|l = sup{lvl:v € Gt, )} = he(t) g e, tE€Tforal xXECwith lxll=7

1
Finally, a Caratheodory function G is called Lx -Caratheodory if

(iv) There exists a function he Llﬂ]x R") such that IG(t, )|l = sup{lvl:v € G(t, x)} <h(2) 4 e
t€Jforal XxEC

Definition 1.3.2 [45, 21]: For each * EC , define the set of selections of G by
Sgx = [v € LY(J,RM:v(p) € G(t,x(t)) fora. et € ]]]_

1
Definition 1.3.3: A function ¥ € C(J, R™) is said to be a solution of the neutral FNFDI (L.1.1) if there exists a € L~ (J, R")

with 9(&, x¢) € G(t, X¢) 4. e. on J such that
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D"r(x[t] — f(e, xt]) = g(t, x;) (1.3.1)
and

(i) x(t) =) i tel

(ii) x: € Cfor tel

Lemma 1.3.1: The solution X € Cc(J,R") of neutral FNFDI (1.1.1) satisfies equation (1.3.1) if and only if it is a solution of the

integral equation

t
x(2) = [@(0) — £(0, )] + f(t,x) + Gx,x5)

x(t) = @(t) if tEIy
Proof: Apply ¢ on (1.3.1)
I{—DE—(X(r] - f(tl xt)) = I{—g(rr xi)

1 (" g(sx)
[0~ Fo %1 =gy | ot

t
15) = 16 3)] = 120) = £0,30)) =5 [ s

L olx x;)

X(®) = [0(0) = £0,9)] + F(&,x) + — f (13.3)

re 0 (5_3)1_€

Conversely differentiate (1.3.3) w. r. t. t to order &

1 tglx, x,)
1 —nf 1 & 5
D*x(t) = D*[@(0) — f(0, )] + D*f(t,x;) + D ro fﬂ t— 9t ds

We get D*(x(t) — f(t, %)) = g(t, x¢)

Whence neutral FNFDI (1.1.1) is equivalent to integral inclusion

1 t Glx.xs)
x(t) € [p(0) = £(0, )] + f(t, %) + 75 Jo 5p s (134)
x(t) = @(t) if t€ Iy

1.4 Main Result
Existence the solution for FNFDI (1.1.1)
Let X = C(J, R") pe a Banach algebra
Define two operators A: X — Peievpa(X) by

_({—f0, @)+ f(t,xp)}ift €I
Ax(t) = [ bt (1.4.1)

The multivalued operator B:X — :PCPJL"U(X) by
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1 f g(s)
r)J,(t— s)t—*
@(t)if t€ly

Where, S6x = {g € LYM(I,R™):g(t) € G(t,x;) for a.e.t € I}
Then the neutral FNFDI (1.1.1) is equivalent to the operator inclusion,

x(t) € Ax(t) + Bx(t) t€] (1.4.3)

u € X;u(t) = @(0) +

ds gE€Sg, ift€l

Bx(t) = (1.4.2)

We shall discuss the operator inclusion (1.4.3) for the existence theorems under some suitable conditions on the functions and the
multi-functions involved in it.

Consider the following hypothesis in the sequel.

(H1) The function f:JX R — R js continuous and there exists a bounded function k(t) with bound 1Kl such that
lf(t, ) = fle V)| = k(Dllx —yllc ae.t € Tang VX ¥y € C ang Il <1,

(H2) The multivalued function G(t,x) has compact and convex values for each
(t,x) EIXC
(Hs) The multivalued function G is lLl-Caratheodory.
(Ha) There exists a bounded function 7 such that it € L', R™) sych that 16(E )|l < h(2) forant €.

Theorem 1.4.1: Assume that ((Hi1) -(Hs) hold suppose that there exists a positive real number R such that,

1Al 1af
F el
r<¢+1)
R — 1.4.4
T IKI (1.44)

where F = ll@llc +1¢(0) — £(0,0)| + supeer|f (£,0)] then the ENFDI (1.1.1) has a solution on J.

Proof: Let X = C(JL R") ,we shall show that the operators A and B satisfy all the conditions of theorem (1.2.3). For
convenience we will split the proof in several steps

Step I: A has closed, convex and bounded values on X since by definition AX has singleton values for each * € X Now we

will show that <4 has bounded values for bounded sets in X. To show this let S be a bounded subset of X then there exists
0 >0 gych that llxll = 0 VX €S

Then, forany X € S we have

[[Ax|| = |leAx — A0 + AO||

llAx|l < [lAx — AO|| + [|AO|

lleAx |l < IKI[l|x]l + [IA0ll

llAx|l = K]l + [[A0]|

Hence “is bounded on bounded subsets of X

Step I1: Next, we will show that A js a contraction on X
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By (H1)

lAx(t) — Ay(®)] = [f(t, %) — f(t,y)]
|lAx(t) — Ay(©)] = k(O — yellc
Taking supremum over L

llAx — Ayll < [IKlllx — ¥l

This shows that < is a multivalued contraction since || K” <1,

Next, we have to show that the multivalued operator Bis completely continuous on X, A multivalued map is
completely continuous if it is compact and upper semicontinuous (see Dhage [7]. To prove B to be compact using Arzela
Ascoli theorem, we must show that B s uniformly bounded and equicontinuous. A multivalued map is upper

semicontinuous if we establish that it has a closed graph. That can be proved in following steps.
Step I11: To show that B maps bounded sets into bounded sets in X To see this let> be a bounded set in X as defined above.

Now for each U € BX_there exists a 9 € S6.x such that

“ g(s) i
r@ J,(t—s)t*

Then foreach t € I

u(t) = ¢(0) +

_ fog(s)
lu()| = |¢(0) + @), T ds
©g(s)

lu(t)| = le(0)| + ds

r@J, t-)F

This further implies that

llull = flelle + -]l (a)®

1
r(¢+1)
Forall¥ € Bx € UB(S) Hence YB(S) is bounded.

Next, we will show that B maps bounded sets into equicontinuous sets. Let S be as above, a bounded set and U € Bx for some
X € S then there existsa 9 € S6.x such that

©og(s) ie
re) J,(t—s)t*

u(t) = ¢(0) +

Then for any T, T2 € T'with Tt = T2 we have

L[ _9(s) g(s)
|u('51)—u(1r2)|‘=_1r(£} fo (ry —s)t¢ d _J’ (tz—S)l "r

[| Rl 2
) - el = | [ = s [ e - has
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hll;1 71 T2
lu(ty) —u(zy)| < "E'FE;) [y = ] = (2 =) 7|
) — ue)| < m [, — )% — [(r2 — )7
SR CEED L T
hll;1
lu(ry) —ulr)l E%hz — 18]
If 71,72 €I then

lu(ty) —ultr)| = le(ry) — @)l

For the case when T1 = 0 = 7

lu(ry) —u(t)| =

AN A B L

re) fﬂ (=)'

B | g(s)
u(ey) = u(e)| = lpe) = 0Ol + s | =L

ds

) — uCep)] = bo(er) — 90 4| [ (r2 =) s

Rl ;2
r¢+1)

[u(zry) —ulrz)| = lo(ry) — @(0)] + [T2%]

Hence, in all cases we have

lu(ry) —u(T)| — 0511 — 12

As a result, U B(S) is an equicontinuous set in X Now by Arzela-Ascoli theorem Bis compact on X

Step IV: Next, we prove that B has a closed graph.

Let {*n}bea sequence in X such that Xn — X Let {7n} be a sequence such that Yn € B(xn) and Vn — Y- we shall prove

that V= € fBIfxt)_ Now since ¥n EB(xn) d39n € SG:x-n
Such that

J’ gn(s)
re@)),—s)t*
p(t)ift€ly

1
Consider a continuous linear operator 0:L'(X) — C(X) defined by

1 [f g(s)
ev(t) = r® ), C=s)r% ds

p(0) + dsift€l

ya(0) =

Now,

1y, (8) — v. (Ol = ||y2(©) — ¢(0) — (v.(£) — @(0))|
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_ L f =09
- [ h=eas| — o

(t—s)1—% ag N — 0

From Lemma (1.2.2) it follows that 0 ° 56y is a closed graph operator. Also, from the definition of © we have

- @(D) €E0e SG,x*

Since Xn = X. and ¥n — Y= thereisa 9+ € S6.x, such that

bog.(s)

F(E} 0 (t— -5')1_'5
p(t)if t€ly

As aresult, Bis an upper semi-continuous operator on X

@(0) + dsiftel

y.(t) =

Thus B is an upper semi-continuous and compact and hence is completely continuous multi-valued operator on X
Step V: Next, we will prove that Bx js a convex subset of X for each € X .

Let U1, U2 € BX _then there exists 91: 92 € S6.x such that

‘ g:(s)

@) ), t—9) 8

w(t) = @(0) +
Fori =12

Now for any & € [0,1] we have
Buy () + (1 — Bua(t)

- '9.9'1(5') (]_ —8)gy(s)
= 09(0) + G f = zds + (1 —0)¢(0) G f - ds
‘6 -6
6y (£) + (1 — B)uy(e) = (0) +r 5 f 91(5)(: _(::)1 f)gz(S) .

since G(t, X¢) is convex 091 (t, x) + (1 — 8) g2 (t, x;) € G(t, x:) foran t € J
Andso Bui + (1 —6)u, €Bx which proves the convexity of B,
As aresult, B gefines multivalued operator B:X — PCPJEU(X).

Step VI: Finally, we show that the set € = {1 € X, Au € Au +Bu, A > 1} js pounded

Let % € £ pe any element then there exists a 9 € S6.x such that

£ogls)
) = () = 1O, 0)]+ ftu) + 75 | L ompds

0

A7t og(s

u(@®) = 27e(0) — FO.@)] + 27t u) + o | Sz ds
0
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_ _ ALt g(s)

1 p0) ~ OO+ A7 (6 u) + s | S
| 1 (% g(s) d‘
r®e),c—9—="

lu(®)] = llellc + 19(0) — f(D @) +1f(t,u) — f(£,0)] + |f(z,0)]

lu(®)| =

lu(@] = llellc + 1¢(0) — £(0, )| + | (¢, ur)| +

 [inlls f
(t—s) lds
HEG
IAllaf
= —
)l = F + Il + s
where F = ll@llc + [(0) — £(0,0)| + supegs|£ (2, 0)|
IRl 1af
F4 ek
r'éE+1
o <« —LG 1)
T IKI
out Il = R
1Al af
F+ ke
R < r¢+1)
T IIKI

This implies that conclusion Il of theorem (1.2.3) does not hold by (1.4.4) hence conclusion | holds and operator inclusion
x(t) € Ax(t) + Bx(t) consequently, FNFDI (L.1.1) has a solution on J. this completes the proof.

1.5 Existence the extremal solutions

In this section, we shall prove the existence of maximal and minimal solutions of the FNFDI (1.1.1) under suitable
monotonicity conditions on the multi-functions involved in it.

Definition 1.5.1[30]: Let X be a Banach space, a closed and nonempty set K in X is called a cone if

i) K+KXKcK
i) AKCKfr AER,A=0
iii) {(—KInXK = 0, where 0 is the zero element of X

and is called a positive cone if
iv) KeKCK
and the notation © denotes a multiplication composition in X

".::!I'

. . . n
We define order relation in R" as follows.

Let X = (X1, .. %) ER" gng ¥ = (¥, - V) ER" e any two elements. Then by X =¥ we mean Xi = ¥i for all
i=1,..1n we equip the space C(J,R") with the order relation = definition by the cone K in C(J,R") that is,

={x€eC(R"),x(t) =0,Vt €]}
The cone K is normal in c(J, ]Rn)(see [30])
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Let @ b € C(J, R™) pe such that @ = b . then by an order interval [@ B] we mean a set of points in C(J, R™) given by

[a,b] = {x € C(J,R");a < x < b} (1.5.1)

Let, ABE PEI(CUL ]Rn)) then by A = B we mean @ = btorata € Aaqndb € B Thysa =B implies that @ = b for
all b € B in particular, if 4 = A then it follows that 4 is a singleton set.

For the existence of extremal solution of FNFDI (1.1.1), we need the following definitions.

Definition 1.5.2: A function @ € C(J, B™) is said to be a lower solution of FNFDI (1.11)if

Di(a(t) — f(t,a)) < g(t) aetE€ I}

ap = @(t) tE€I (1.5.2)

Forall g € L' (1, R™) gych that 9(t) € G(t, ar) aimost everywhere £ € I,

Definition 1.5.3: A function @ € C(J, R") upper solution b of the FNFDI (1.1.1) is defined as, a function b€ C(,R") js
called an upper solution of FNFDI (1.1.1) if

Di(b(t) — f(t, b)) = g(t) a.etE€ I}

b= @(t) teIy (1.5.3)

Forall g € L'(LR™) gueh that 9(£) € Gt be) aimost everywhere t € I,

Definition 1.5.4[9]: A solution XM of the FNFDI (1.1.1) is said to be maximal if % is any other solution of FNFDI (1.1.1) on J,

then we have X(t) = Xy forallt € J .

Similarly, a minimal solution of the FNFDI (1.1.1) is defined as a solution Xm of the FNFDI (1.1.1) is said to be minimal if * is

any other solution of FNFDI (L.1.1) on [ then we have X(t) = Xy forant € J,

Definition 1.5.5 [7]: Let X be an ordered Banach space. A mapping Q:X — Py(X) is called isotone increasing if X,V € X
with X < ¥ then we have that @x = Q.

We need the following theorem for the proof of existence of extremal solution.

Theorem 1.5.1[4]: Let [a, b] be an order interval in a Banach space and let A, B: [a,b] — P(X) be two multivalued
operators satisfying

€)) A is multivalued contraction,

(b) Bis completely continuous,

(c) A and B are isotone increasing, and
(d) Ax+Bx c [a,b] VxE€][ab]

Further if the cone K in X is normal, then the operator inclusion x(t) € Ax(t) +Bx(t) has a least fixed point X= and a

greatest fixed point x" in [a, b]. Moreover x- = limyx; gng ™ = Iimn)’n, where 1%} and {¥n} are sequences in [a, b]
defined by

Xps1 € Axy + Bxy, xp = @ and Yn+1 € Ayn + Byn, Yo = b

We consider the following assumption in a sequel
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(B1) The function f (£, X) is nondecreasing in X almost everywhere for t € J,
(B2) The multivalued function G (, %) is nondecreasing in X a. e. for t € J,

(B3) The FNFDI (1.1.1) has a lower solution @ and an upper solution bwitha =b.

Theorem 1.5.2: Assume that the hypothesis (H1) -(Hz) and (B1) -(Bs) holds. Then the FNFDI (1.1.1) has a minimal and maximal
solution.

Proof: LetX = C(J,R") and consider the order interval [a, b] in X . It is obvious from the hypothesis that the order interval
[a, b] is well-defined.

Define two operators A, B:[a,b] — Py(X) as in (1.4.1) and (1.4.2) respectively. As shown in the poof of theorem (1.4.1),

similarly it can be shown that the <A js contraction and B is completely continuous on [a, b] respectively.
Next, we will show that <A and B are isotone increasing on [a, b].

For that, let X, ¥ € [@, B] pe such that ¥ < ¥, X # ¥.Now by (B1), we have

Ax(t) =0 = Ay(t) for all tely
and

Ax(t) =— (0, ) + f(t, ;)
Ax(t) =— f(0,9) + f(£, ¥
Ax(t) = Ay(t) forant €1

Hence AX(t) = AY(t) forall t € J

Similarly, from (B1), we have,

Bx(t) = @(t) = By(t) forant € Io

t
Bx(t) = u € X;u(t) = @(0) + FSE}J’ (f(_xjﬂ{ ds gE€Sgy iftel
0
¢
Bx(t) < u € X;ul(t) = ¢(0) + = 90, ys) ds gESgy iftel

r@é)J,(t—s)t=*
Bx(t) =By(t) forant € I
Hence Bx(t) =By(t) forat € 7.
Thus < and B are monotone increasing on [a, b]

Now by hypothesis (Bs), for any X € [a, b], we have.
a=Aa+Ba=Ax+Bx=Ab+Bb=b
This proves that

Ax+ Bx c [a,b]
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Thus, the operator Aand B satisfy all the conditions of theorem (1.5.1) thus the operator inclusion and consequently FNFDI
(1.1.1) has a maximal and minimal solution. This completes the proof.

1.6 Example

Consider the problem

1, 1 . X
D Z(x(t}—ESant(1+x))EG(t,xt) tel

1 1
Where D /2 is Riemann-Liouville derivative of order /2 on the closed interval ] = U Iy = [—1,0] U [0,1] = [—1,1]
and multivalued map is given by

t |sinx|
_ t P
G(t,x,) = ( f /gsin %5 + 7 )

Here

flt,x) = %Sin}lt (1 j_ x)

h(t —t—l-l
(t) = 7

If (&, x) — fFtyD] =

1 X 1
—SiﬂZt( ) ——sinZt( 4 )|
3 1+x/ 3 1+y
1 .
£ (&%) — F (6.l < gsin2tlx —y|
1
k(t) = §Sin23

Kl =z <1

0 w4

hll =
Ihl =3

F = |lollc + 1¢(0) — £(0, )| + sup:g|f(£,0)]
llellc = sup{le(@)]; -1=6 =0} =0

l¢(0) — f(0,p)| =[0—-0] =0

sup;er| f(£,0)| =0

F=0

Al 1a

e
11Kl
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8.
04 —17
1
r(t/,+1)

R=

1.14285
0.88622
2

3

1.14285
0.88622
2

3
1.28957
Rs——m—
0.66666

R = 1.93437

R=

R=

Since all the conditions of the theorem (1.4.1) are satisfied hence the given problem has a solution on J.
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