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Abstract: In this paper, we delve into the realm of fuzzy metric spaces to establish new fixed point results by leveraging the
concepts of compatibility and weak compatibility among six self-mappings. This research extends the foundational work of Singh
and Chouhan [13], broadening the scope and applicability of their results on common fixed points within fuzzy metric spaces.
Through rigorous analysis and the introduction of novel techniques, we demonstrate the conditions under which these self-maps
exhibit fixed points, thereby contributing to the theoretical advancement of fuzzy metric space theory. Our findings not only
validate and extend existing results but also open new avenues for further exploration and application in mathematical and
computational contexts where fuzziness and metric considerations are pivotal.

INTRODUCTION

The concept of Fuzzy sets was given by Zadeh [17]. Subsequently, several researchers in Analysis and Topology used it. The
paper is dealt with the Fuzzy metric space defined by Kramosil and Michalek [11] and modified by George and Veeramani [5].
Grebiec [6] has proved fixed point results for Fuzzy metric space. In this connection, Singh and Chouhan [13] introduced the
concept of compatible mappings in Fuzzy metric space and proved the common fixed point theorem. Vasuki [15] proved the fixed
point theorems using the concept of R-weak commutativity of mappings for Fuzzy metric space.

Recently, Jungck and Rhoades [10] introduced the concept of weak compatible maps. The concept is most general among all the
commutativity maps. For this, every pair of R-weakly commuting self maps is compatible and each pair of compatible self maps is
weakly compatible but the converse is not true.

A fixed-point theorem for six self maps using the concept of weak compatibility and compatibility of pairs of self-maps in fuzzy
metric space has been proved in this paper. The result of Singh and Chouhan [13] has been generalized.

For this, we need the following definitions and Lemmas.
2. PRELIMINARIES

Definition 2.1[2] A binary operation *: [0, 1] x [0, 1] —> [0, 1] is called a t-norm if ([O,l]*) is an abelian topological

monoid with unit 1 such that a*b <c *d whenevera<candb <dfora, b, c,d €0, 1].

Examples of t-normsarea * b =aband a*b =min {a, b}.

Definition 2.2 [9] The 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M
is a Fuzzy set in X2 X [0, OO] satisfying the following conditions:

(FM-1) M (x, y, 0) =0,

(FM-2) M(x;y,t)=1forallt>0ifandonlyifx =y,

(FM-3) M (x,y,t) =M (y, x, 1),

(FM-4) M (X, y,)*M(y,2,5) <M (X, Z t+5),

(FM-5) M (x,y,): [0,00) — [0, 1] is left continuous,

528
IJRITCC | July 2023, Available @ http://www.ijritcc.org



http://www.ijritcc.org/
mailto:sonalpdixit@gmail.com
mailto:dranimeshgupta10@gmail.com

International Journal on Recent and Innovation Trends in Computing and Communication
ISSN: 2321-8169 Volume: 11 Issue: 7
Article Received: 25 April 2023 Revised: 12 May 2023 Accepted: 30 June 2023

FM-6) lim M(xy =1
t—>o0

forallx,y,z € X and s,t>0.

Note that M (X, y, t) can be considered as the degree of nearness between x and y with respect to t. We identify x =y with M (x, vy,
t) = 1 for all t > 0. The following example shows that every metric space induces a Fuzzy metric space.

Example 2.1 [2] Let (X, d) be a metric space. Definea* b =min {a, b}and M (x,y, t) = ) forall x,y € Xandall

t+d(x,y

t>0. Then (X, M, *) is a Fuzzy metric space. It is called the Fuzzy metric space induced by d.
Definition 2.3 [3] A sequence {X n } in a Fuzzy metric space (X, M, *) is said to be a Cauchy sequence if and only if for each

€ >0,t>0, there exists Ny € N such that I\/I(Xn,Xm,t)>l—8 foralln,m>nNg.

The sequence {Xn } is said to converge to a point x in X if and only if for each € >0, t > 0 there exists N € N such that
|\/|(Xn ,X,t) >1—¢ foralln,m=nNg.

A Fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence in it converges to a point in it.

Proposition 2.1 [13]Self mappings A and S of a Fuzzy metric space (X, M, *) are compatible then they are weakly compatible.
Proof. Suppose Ap = Sp, for some p in X. Consider a constant sequence {pn } = p. Now, {Apn } - Ap and
{Spn}—Sp(= Ap).

As A and S are compatible we have M (ASpn ,SApP, t) —1 forallt>0asN —> o0 . Thus ASp = SAp and we get that
(A, S) is weakly compatible.
The following is an example of pair of self maps in a Fuzzy metric space which are weakly compatible but not compatible.
Example 2.2 [9] Let (X, M, *) be a Fuzzy metric space where X= [0, 2]. t-norm is defined by a * b = min {a, b} forall 4, be
x-y|
[0, 1] and M(X, Y, t) =e U forall X,y € X. Define self maps A and S on X as follows:
2—-x if 0<x<1

AX = X And
2 if 1<x<2

x iIf 0<x«l

SX = _
2 if 1<x<2
_ 1
Taking Xp, =1—H; n=123,..
Then Xp >1X, <1 and 2—-X, >1foralln
Also AX,,SXx, =>1as n—oo. Now
|ASX,, —SAX,| 1
M(ASX,, SAX,,t)=e ! —e 2#1 ash— o,
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Hence the pair (A, S) is not compatible. Also set of coincident points of A and Siis [1, 2].

Now for any x € [1, 2], Ax =8x =2 and AS(x) = A (2) =2 =S (2) = SA(x). Thus A and S are weakly compatible but not
compatible.

From the above example, it is obvious that the concept of weak compatibility is more general than that of compatibility.

Lemma 2.1 [1] Let {Xn } be a sequence in a Fuzzy metric space (X, M, *). If there exists a number k € (0, 1) such that
M(X 152, Xn41,Kt) > M(X 41, X, t) foraltand N e N Then {X, } is a Cauchy sequence in X.

Lemma 2.2 [13] Let (X, M, *) be a Fuzzy metric space. If there exists K & (0,1) such that forall X, Y € X.

M(x,y,kt)>M(x,y,t) forall t >0, then x=y.

Theorem 2.1 [13] Let A, B, S, T, P and Q is self maps on a complete Fuzzy metric space (X, M, *) with * is a continuous t-norm
for all t > 0 satisfying the following conditions

(@) P(X) € ST(X), Q(X) < AB(X);

(b) AB=BA, ST=TS, PB=BP, QT = TQ;

(c) (P, AB) is compatible and (Q, ST) is weakly compatible;
(d) Either AB or P is continuous;

(e) There exists k € (0, 1) such that

M(Px, Qy, kt)> min{M(ABx,Px,t), M(STy,Qy,t),
M(STy, Px,pt), M(ABX,Qy,(2—B)t)
M(ABX,STy, 1)},
Forallx,y € X, B €(0,2)and t>0. Then A, B, S, T, P.and Q have a unique common fixed point in X.

3. MAIN RESULT.

Theorem 3.1 Let A, B, S, T, P and Q be self-maps of a complete fuzzy metric space (X, M, *) with * is a continuous t-norm
for all t > O satisfying the following conditions

@ P(x)c ST(x), Q(x)c AB(x)
(b) AB=BA,ST=TS,PB=BP, QT =TQ.

(c) (P, AB) is compatible, and (Q, ST) is weakly compatible
(d) Either AB or P is continuous.

(e) Thereexists K € (0,1) such that
M(Px,Qy, kt)> min{M(Qy,STy,t), M(ABX,STy,t),

M(Px, ABXx,t),M(Qy,STy, t)
M(Px,Qy, t)

Forall X,YeX and t>0.Then A B, S, T, Pand Q have a unique common fixed Point in X.

,M(Px, ABX, t)}
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Proof. Let X € X from(a) 3 Xq,X5 € X such that
Pxo =STx; =yg and Qx; =ABX, =Yy,
Inductively, we can contract seq {X n } and {yn } in X such that
PX2n =STX2n11 = Yon and QXon 11 = ABXon42 =Yon41  n=012 ..
l. put X =Xop,Y = Xopn,q fort>0in (e) we get
M(PX2n, QX 2n 41, kt) > Min{M(QxX 2141, STX 201, 1), M(ABX2q,STX 50,1, 1),

M(PXZn ,ABX3,, ’t)’ M(QX2n+1vSTX2n+1’ t)
M(PXZn ’QX2n+1’t)

M(YZn yYon+1 kt) 2 min{M(YZn yYon+1 t)’ M(Y2n—11 Y2n ,t)

M(YZn Yon-1, t)’ M(YZn +1:¥Y2n ’t)
M(Y2n.Y2n1.t)

M(y2n Y2n+1 kt)Z min{M(Y2n+1’ Yon ,t), M(YZn—ll Yon ’t)

M(YZn Y2on-1, t)’ M(YZn +1,Y2n ’t) M
M(Y2n+1’ Yon ’t)

> min{M(yZn Yon+1 t), M(Y2n—1’ Yon ,t),
M(YZn—l’ Y2n :t)’ M(y2n—1’ Y2n ’t)}
> min{M(YZn ’YZn+11t)’ M(YZn—L Y2n ,t)}

M(YZn Yon+1 kt)Z min{M(YZn—L Yon 't)’ M(Y2n Y2n+1 t)}
Similarly

|\/|(y2n+1’y2n+2’kt)Z min{M(YZn ’YZn+1’t)’ M(Y2n+1’YZn+2’t)}

Therefore for all n even or odd, we have

M(Yn Yn+1 kt)Z min{M(Yn—l’Yn ’t)’ M(yn 1Yn+1’t)}
M(Yn ’Yn+1't)2 min{M(Yn—LYn ,t/k), M(Yn’yn+1’t/k)}

Be repeating the above inequality, we have

M(Yn,Yni1,t)= min{M(Yn—LYn t/K), M(yn ’Yn+1’t/km)}

, M(PX 5, ABX5p, 1)}

) M(an,)’2n—1,t)} By (FM3)

(Yon-1.Y2n 1)}

Since M(yn,yn+1,t/km)—>l as m — o, it follows that

M(Yn ’Yn+lit)Z M(Yn—l’yn 1t/k)
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ie.  M(Yn,Yna1.Kt)=M(yp_1,Yn.t) forall neN t>o0

By lemma 2.1, this implies that {yn } is Cauchy sequence in x. Since X is complete{ Yn } —> Z € X.. Also its subsequences

converge to the same pointi.e. Z € X.

{QXons1 >z and  {STXppy (2

{PXy, }>z and {ABxy, {—2
Firstly, suppose AB is continuous.
As AB is continuous, ( AB )2 X, —> ABZ and ( AB ) Px,, — ABZ
As (P, AB) is continuous pair, we have P ( AB ) X5, — ABz
Il Putting X = ABX2y,Y = X941 in (e), we have
M(PABX,, QXop 41, Kt) = min{M(QX5,,1,STX 111, t), M(ABABX,,,STX 5,1, 1),

M(PABX,,,ABABX,,,,t),M(QX21.+1:STon 41, t)
M(PABXZn ’Qx2n+1’t)

M(PABX,,, ABABX,p,t)}
Letting N —> 00, we get

> min{M(z,z,t), M(ABz,z,t),

M(ABz, ABz,t),M(z,z,1)
M(ABz,z,t)

,M(ABz, ABz, t)}

> min{M(ABZ’Z’t)’WZ,ZJ)}

M(ABz,z,kt)> M(ABz,z,1)
Therefore by lemma 2.2 ABz=z
(1 Putting x =2,y = Xopn 41 in (e) we get
M(Pz, QX 241, kt)> Min{M(QX 2141, STX 2041, 1), M(ABZ,STX 041, 1)
M(Pz, ABz,t), M(QX5141,STX 2541, 1)
M(Pz,QxXp41.1)

, M(Pz,ABz,1)}

Letting N —> 00, we get

M(Pz,ABz,t),M(z,z,t)

M(Pz,z,kt)> min{M(z,z,t), M(ABz,z,t) M(Pz,z,t)

, M(Pz,ABz,t)}
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M(Pz,z,t),M(z,z,t)
M(Pz,z,t)

M(Pz,z,kt)> min{M(z,z,t), M(z,z,t) , M(Pz,z,t)}

M(Pz,z,kt)> M(Pz,z,t)

Hence by lemma 2.2 Pz =2

therefore ABz=Pz=z
V. Putx=Bz,y= X941 in(e) we get
M(PBz, QX2 1, kt) > min{M(QxX 2141, STX2n41,1), M((AB)BZ,STx 5.3, 1)
M(PBz, ABBz,t), M(QX 5141, STX 41, )
M(PBZ,QX 41, 1)

As AB = BA, PB = BP, Lettingl —> 00, we get
M(PBz,z,kt)> min{M(z,z,t), M(B(AB)z,z,t)

M(BPz,B(AB)z,t),M(z,z,1)
M(Bz,z,t)

, M(PBz,ABBz,t)}

, M(Bz,Bz,t)}

M(Bz,z,kt)> min{M(Bz,z,t), } M(Bz,z,kt)= M(Bz,z,1)

M(Bz,z,t)

Fromby lemma22Bz=z AsABz=z = Az=z

Therefore Az=Bz=Pz=2

V.  AsP(X)cST(X), there exist ve X suchthatz=Pz=STv
Putting X = X,y =Vin (e) we get
M(PX 4y, Qv, kt)> min{M(Qv,STv,t), M(ABX,,,STv,t)

M(Px 5, ABX,,,, 1), M(QV,STv, )
M(PX 55, QV, t)

, M(Px,,,ABX,,,,1)}

Letting N —> o0 we get
M(z,z,1), M(Qv, z,t)

M(z,Qv,kt)> min{M(Qv, z,t), M(z,z,t) M(z,Qv, t)

, M(z,2,1)} (by Fm3)

M(z,Qv, kt)> M(z,Qv, )
By lemma 2.2 QV = Z. Hence STv=2=Qv

As (Q, ST) is weakly compatible we have STQv=QSTv
Thus STz=Qz

VI. PutX = Xop,y=2in (e) we get
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M(PX5p,,Qz,kt)> min{M(Qz,STz,t), M(ABX,,,STz,t)

M(PxX,,,, ABX5p,t),M(Qz,STz,1)
M(Px5,,Qz,t)

. M(Px,,,ABXyp,1)}

Letting N —> 00 we get

M(z,z,t),M(Qz,Qz,1)
M(z,Qz,t)

M(z,Qz,kt)> min{M(Qz,Qz,t), M(z,Qz,t), , M(z,z,,1)}

M(z,Qz,kt)> mi“{M(Z’QZ’t)’m}

M(z,Qz,kt)> M(z,Qz,t)

By Lemma22Qz=z =STz

VII.  PutX = Xopn,y=Tzin (e) we get

M(PX 5, QTz,kt)> min{M(Qz,STz,t), M(ABX,,,STTz,t)

M(PX,,,,ABX,,,1),M(QTz,STTz,1)

, M(P ,ABX,,,t
M(PXZn,QTZ,t) (X2n X2n )}

Letting N —> 00 and using condition (b) we get
M(z,z,t),M(Tz,Tz,t)

M(PX5p,,QTz, kt)> min{M(z,z,t), M(Z,Tz,t)' M T2 , M(z,2,t)}
: 1
M(z,Tz,kt)>min<M(z,Tz,t)————
(z,Tz,kt) |{ (z,Tz )M(Z,TZ,'[)}
M(z, Tz, kt)= M(z, Tz, 1)
FromLemma22Tz=z AsSTz=z = Sz=z
Qz=Sz=Tz=z ... (B)

From (A)and (B) Az=Bz=Sz=Tz=Qz=Pz=2
Hence z is a common fixed point of A, B, S, T, P and Q.
Uniqueness.
Let u be another common fixed pt of A, B, S. T, Pand Q Then
Au=Bu=Pu=Qu=Su=Tu=u

Putx=2z,y=uin (e)

M(Pz,Qu, kt)> min{M(Qu,STu,t), M(ABzSTu,t)

M(Pz, ABz,t),M(Qu,STu,t)

M(P2,Qu.1) , M(Pz,ABz,t)}
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M(z,z,t),M(u,u,t)
M(z,u,t)

M(z,u,kt)> min{M(u,u,t), M(z,u,t) , M(z,2,1)}

M(z, u, kt) > min M(Z’”’t)’m

M(z,u,kt)>M(z,u,t)
By Lemma2.2z=u

Hence z is a unique common fixed pt of self-maps A, B, S, T, P and Q.
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