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Introduction: \We know that a complex valued function is said to be regular or analytic in a domain D (a non-
empty open connected subset of the complex plane £ ) if it has a uniquely determined derivative at each point of D.

Definition 1: A functionf(z) is said to be a univalent in a domain D if f(z,)#f(z,)for all {z,,z,}<=D with
2, #,.

A necessary condition for analytic function f(z)to be univalent in D is f(z)=0 in D. This condition is not
sufficient since f(z) =e* is clearly not univalent since f(0) =€’ =1=e*" =f(:27) butf(z)=e* #0.

By Riemann mapping theorem, one function may map any simply connected domain onto the open unit disc in a

one-one conformal manner. Hence, without loss of generality, we confine our attention to the functions that are
univalent and analytic in the open unit disc{z/|z|< 1}.

Notation: We denote by A the class of functions f(z) that are analytic in the open unit disc {z/|z|< 1} with the
conditions f(0) =0, f(0)=1. Then we say that
f2)eA <o f2)=Xr,az’|zl<1lwitha,=0,a=1 < f2)=z+3 ,az"|z<1

We denote by U the class of functions f(z) € A and are univalent in an open disc{z/|z|<c<1}.

BEIRBARBACH Conjecture: In 1916, BEIRBERBACH proved that |a,|<2for every f(z) inU whose
Taylor’s expansion about the origin is f(z)=z+Y;,axz" .He also showed that |a,|=2 for the function
f(z)=z(1-xz)2, |x|=1, which is known as KOEBE’s function. Note that singularity of KOEBE’s function is
z=x"' which is outside the open unit disc {z/|z|<1}since|z|=|x'|=|x["=1; thus KOEBE’s function is
analytic in the open unit disc{z/|z|<1}. And f'(2)=2(-2)(1-x2)3(-x)+1(-2)(1-xz)2 implies
'(0) =0(-2)(1 - x0)3(—x) + 1(1 - x0) % =1.

Clearly f(0)=0. So KOEBE’s function is in U.
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Motivated by the extremal property of the KOEBE?’s function, BEIRBERBACH conjectured that
|a, | <n (n=2,3,4,---) forevery f(z) e U. This is known as BEIRBERBACH conjecture which is a
challenging problem in mathematics that took almost 70 years to prove it. LOUIS BRANZES has

proved the conjecture in full in 1985.

Problem: f(z)=Yy_,a.z" is univalent <« cf(z)is univalent in {z/|z|<c<1}.
Proof: Let f(z)=z+Yi,a:z" = cf(z)=cz+X;,a.cz%=g(z) where 0<c<1.
f(z)=z +Z‘|f;2akzk is univalent in the disc {z/|z|< 1}
f(z)) #f(z,) Y{z;,z,}c{z/|1z|<1} with 2z, #2,
cf(z,)=cf(z,) Y{z;,z,}c{z/1z|<1} with 1z, =2,

0(z,)#9(z;) Yz, }c{z/1z1<1} with z,#72,

g ¢ 00

cf(z)=cz+3Y¢,a,cz¢ =g(z) is univalent in the disc {z/|z|<1}.//

Theorem 1: |If f(z)eU, then |a |<1 (k=2,3,4,---) where a, is coefficient of z%in
taylor series of f(z).
Proof: Let f(z)eU = la, | <k (k=2,3,4,---) by BEIRBERBACH conjecture.
And f(z)=z+ Y5, a.z%.
Put g(z)=zf(z)=z[1+ 3¢ ka X =z +3r  kaz¥ =2+ 3,b,z% where b, =ka,
Let z,#2,. Then z=z¥. Then az¥=az¥ (k=2,3,4,-). But we say that the
inequality z, + Y p_,a, z'l‘ #Z, + YR, a z‘z‘ may or may not hold. So we can do some work.
Since z, #z,, wehave z,-2,#0 = |z, -2, #0 = 0<|z,-2,].
Let p=|z|<||=r<1 = r-p=|z,|-1z;1<|z; —z,| by triangle inequality.
Consider  9(z,)—0(z,) =2, f(2,) - 2,t(2,) =[2, + i ka 2X] [z, + 2, ka X ]
e 0(z)-9(z) =2 -2 +[Sikaz - T ke =2, - 2, + T ke[ - 7]
By triangle inequality, |z, -z, + Y ka [zX - 2X]| 212, - 7, |- | 2, ka [ 2K — 2]
= 0@)-9@)212 -z |- | Sika[z - ]| > r - p-| S ka[2f - ]|
Again by triangle inequality, we have
| Siokalz — 25 ]| < 2k, [ka[2f 28] |= SRk lay Il 25 - 25 | < Sitokk [l 21 |+ 25 ]
ie. | Ienka X - X <LKz [+l 2 ] SR Kk + r¢ ] = 2, k2 2rk,
ie. | Zika fz¥ —zE]| <2np, kP =23, [k(k — 1) + K]rK
ie. | Ziskafzk - 2X]| <2[Zik(k —1)rk + 2,k rk]
ie. | Tiokazk —2X]| <2[r?Zik(k —Dr 2 4 rep,krk ]
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ie. | T ka[zk - zX]| <2r? Z—r +2r2—r =2r2 — Zr +2r
dr? dr k=2

rZ

d

d

ie. | Yp,kafzé - zX]| <2rr = d* [—1—r+ 5 rk}+2r£[—1—r+ 5 rk}
d k=0 dr k=0

. 0 _ Zd _ L i —-1- L
ie |z, ka [2¢ —z5]| <2r " [ 1 r+1_r}+2rdr[ 1 r+1_r}

ie. |Xrka [z —zK]| <2r? {0+(12 }+2{—1+ 1 }:2{ ZN }

r)3 (1-r)? (1-r)3 (1-r)?

i.e. |Zi2°=zkak[z}‘—z§]|szr{2f+_1r;r_1}:2r[ r+1 _1}

1 (1-ry
e Kk _ r+1 _ _r+1
= | T kay [ - 25]| = Zr{(l_rﬁ 1} Zr[l (l—r)J

Thus we have

l9(z,)-9(z,) ]| >r—P—|Zﬁo=2kak[Zl _Zz]l >r—P+2{1 ﬁ}:{3_%}_

By taking limit p=|z,|—>0 onbothsides since either 0=|z,|<|z,| or 0<|z |< 2],

3 2r+1) | . 3 2r+1) ) _2(r+1)
l9(z,) 9(22)|>r[3 (1—I’)3} I'mpeop—r[:3 (1_1,)3} O-I’[S (1—I’)3i|'

Hence, for |g(z;)—9(z,)| >0 i.e. g(z;)#9(z,), we musthave

_2r+2 >0 o 3> 2r+2

@-ry @-ry

& 31-rP>2r+2 (or<l ie 0<1-r) <o  3[1-r*-3r1-r)]>2r+2
= 3-3r3—9r+9r?>2+2r = 1-11r+9r2-3r*>0

= 1—111+9l—3i>0 (rR=1, where R>1 since r<1)
R "R*? R?

= R®*-11R*+9R-3>0 = R®*-11R*+9R>3 = R(R*-11R+9)>3

B P G V(G 0 ‘4(1)9}% —(-11) +[(11)? —4(1)9} >3
2

2

~  rlr- —J1221—36}[R_11+«/1221—36 >3
- rlr- —\/1221—36}[R_11+\/1221—36 >3

- R_R—%@}[ 11+\‘/_}>3>0 (V85 29.2195)

11-+/85_11-9.2195 2.2195

Either R< > = > == =1.10975,
-
or R>114;/@211+92.2195:20.22195210_10975
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Suppose that

11—J8_?<11+ﬁ
2 2

= 0<1.10975-R<1.10975-1=0.10975, 0<10.10975-R <10.10975-1=9.10975

1<R< i.e. 1<R<1.10975<10.10975

=  0<[1.10975-R][10.10975—R] < (0.10975)(9.10975) = 0.999795
—  0<R[R-1.10975][R-10.10975] < 1.10975(0.999795) = 1.10952257 < 3

This is contradiction. Thus our supposition is wrong. Hence we have

R~ 11++/85 1 11+v85 2 _2(11-+/85) _2(11-/85)
2 r 2 11++/85 121-85 36
ie. os,o=|z1|s|z2|=r<“%@;o.0989<1.
Thus, for 0<p=|z,|<|z,|=r<c<1, wehave
(c=%@;0.0989<1j, |g(zl)—g(22)|2r{3—?§1_t)r3)}—p>0
ie. 9(z,)#9(z,) e g(2)=z+XF,bz* is univalent in{z/|z|<c<1}.

= |b <k (k=2,3,4,--) by BEIRBERBACH conjecture
= |ka <k or kla|<k (k=234) = |a|<1 (k=23,4,).//

Theorem 2: f(z)=z+3Y7,a.z"in |z|<1is univalentin {z/|z|<3'<1}.
Proof : Let f(z)=z+Y7,a.z" is univalent in the open disc {z/|z|<c <1}.

= la, | <1 (k=2,3,4,---) by Theorem1.
Let z, #7, = 7,-2,#0 = |z, —z,| =0 = 0<|z,-2].

Let p=|z|<|z,=r<1 = r-p=\z,|-|z|<|z,—z,| by triangle inequality.

Consider
[f(z,) —1(z,)| = |[21 + Yk azi ] -[z + Zﬁo:zakzé(]l: | 2, -2, + i, a2k - Zé‘]l -
By triangle inequality, |z, —z, + S ,a [z -] 212 -z |- | ZF,az - 2X]]

= f(z,) —1(z,)| 212, - 2, |_|Zf=zak[zf _Zé(]l > r—p—|2‘|;°=2ak[z'1‘ _Zg]l

Again by triangle inequality, we have

| S adz -zl <sho ladz - 2]l = Sl a | 2 - [< S [ 2 [+ 22 ]

i.e. |Zfzzak[z¥ _le(:”SZﬁo:z [z, [k +]z, |k]32ﬁ0:2[rk + rk]ZZ?:zzrk =25, 1
. . . 1 1-(1-r
e, |SiLalzo-2]<2[Tport —1—r]:2[m—1—r}:2[+r)—r}

ottt
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Thus we have

o 1 2
OIS I S O PRIE S B PR T

By taking limit p=|z, | >0 on bothsides since either 0=|z,|<|z,| or 0<|z|<]|z ]|,

|1(z,) —1(z,) | >r[3—%}—limp_>0p:r{3_%}_0_r[3_%}

Hence, for |f(z,)-f(z,)| >0 ie. f(z,)=#f(z,), we musthave

3—%>0 = 3>% = 3(1-r)>2 (-r<1 ie 0<1-r)

=S 3-3r>2 o 1<3r = 3r<1 o r<3?

Therefore f(z)=z+ X ,a,z" is univalent in the open disc {z/|z|<3 <1}.//

Definition 2: A function f(z)=z+Yj_,a,z" in |z|]<1 is said to be cap like function
in the open disc {z/|z|<c<1} if

zf”(z)}

Rel 1+ >0, |z]|<c.

o 70 1)

Definition 3: A function f(z)=z+Y§_,a,z% in |z|<1 is said to be star like function in

the open disc {z/|z|<c<1} if f(z) univalent in {z/|z|<c<1}, and

Re[sz(g)} >0, |z|<ec.

Theorem 3: |If f(z)eU, then f(z) is cap like functionin {z/|z|<67 <1}.
Proof: Letf(z)eU. Then |a|<1 (k=2,3,4,---) by Theoremi;

And f(2)=z+3p_,a,z" isunivalent in {z/|z|<3'} by Theorem2. Let us consider

e | T

We know that

2f'(2)1T _|zf" ()] 2@ mo[ 2@ [2F(2))
[Re[ ) ﬂ [ ) I‘Re[f'(z) }S Q) |
zf”(z) zf'(z) | zf'(2)
o “Re[ ) }‘Re[“ f'(z)}
2'(2) 2£(2) . |2f'(2)|_[f(2)]-|2f"(2)
= Re[“ (2) }21_ )|~ @ [f@)

We have  f(z)=1+Y,ak? = f(2)=Yr,akk-1)z¢?

= [2f2) = i akk -2 < S| a [k(k-1) | 2[ < T, tk(k - 1) [z
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By Triangle inequality,  [f(z)| = |1+ Xfak 2 | >1-|Zp,ak ¢! |
But | SkLak 2t < Sila [kl z [ < SRS 1k 2 [ = SRk 2 <
Put |zl=r =  |zf(2)<Zi, (k2 k) r*t, and [f(2)|>1-Zp kKt
= [f(2)|-|2f"(2)| 21 - T kr Tt -3, (k2 —k) rf Tt =1-3p k2 rk
We have
YL k2rkt =y [k(k—1)+ k]t =3 k(k —1)rk Tt 3 kKt
=P k(k—1)rk T 4 YRk =y k(k—1)rk 2 4 3R ket

: o parka_,2d? & d x_ d? 2 d & d? d|& «
ie. Sk ker _rkézdrzr +k§:jzdrr _rdrzkﬁz;zr +drk§2 { o 2+dr kZ:jzr
. © 2 k-1 i d < _1_ — ﬁ d |: 1 -1- :l
i.e. P Sl § [rdr +dr}[z r r}_[rdrﬁdr} - 1-r
ie. o 2kl 2 + 1 _1:2r+1—r_ __r+1

2 1-r® (@-r?  @-r® = @1-ry

Thus we have

(D)= |2f(2) 2 1-37 Kerkt o1 S+L g o r+l

Hence, for [f(z)|—|zf"(z)|>0, we must have

|f’(z)|—|zf”(z)|22—(1r+r1)3>0 o 2>(1”1)3 o 2A-rP>r+1
- —r

< A1-r*-3r@d-n]>r+1 < 2-2r3-6r+6r:>r+1

& 1-7r+6r:-2r’'>0 < @ 1- 7ﬁ 6R——2R—>0 (Rr=1,R>1since r<1)
& R)*-7R*+6R-2>0 << R*-7R?*+6R>2 <  R(R*-7R+6)>2
=S R(R-1)(R-6)>2 < R>6 (.R>1).

1 1 1
->6 r<= Z|<=
& ; = <6 P | |<6

Thus, for |z|<67'<1, we have

(A6 _r+1 2f"(2) |, [f(2)| -|2f"(2)]
F@l-eF @) 22— 550 = Re[l f()} o

Hence f(z) is cap like function in the opendisc|z| <6 <1.//

Theorem 4: Let f(z)=z+X5.,a,z¢ is cap like function and is univlent. Then zf(z) is

star like in{z/|z|<c<1} where

J6_3-V6

c=1-Y0_3-Y6
3 3
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Proof : Let f(z)=z+Y;_,a,z" is univlent = la | <1 (k=2,3,4,--)
Put g(z)=2f(2)=7[1+ ¢ ka "] =2+ ka2 =2+ Y7 ,bz*  where by =kay
Let z,#2z,, wehave z,-z,#0 = |z1-7|#0 = 0<|z;-2,].
Let p=|z,|<|z,=r<1 = 0<r-p=|z,|-1z;1<|z,—2,| by triangle inequality.
Consider  g(z;)—9(z,) =[z; + X, ka 2X ] -[z, + =7, ka, 2¥]
ie.  9(z)-0(z) =12 -2, +[Z¢ ka 2k - YF  ka 2K ] =2, -z, + TP, ka [ 2K — 2]
= |09(z)-9(z,)| = |z -2, + T ka [2X - 2X]|
By triangle inequality, |z, —z, + X ke [2X - 2K]| 212 - 2, |- | i, ka [ 2K - 2X]|
= |0(2)-9(2)|2 |2 - 1, |- | Ziska [z - ]| > r - p-| TR ka [z - 2]
Again by triangle inequality, we have
| 2Rk [2F — 25 ]| < Zke, ka2 - ]| = SRk lay Il 28 — 2 < ZRo k1 [l 28 [+ 25 ]
ie. | Ziokafzk -] < ikl [+ z ] Rk + rk ] =2 k2rk =23 krk

e, |ZeLkafzk -z5]| <2rzi, krkl_ZrZ—r _2r Zr =2 [Zr - —r}

. . 1 1 B 1

ie. |Zk=2kak[zl—zz]|<2rd—[r—1—r} 2r[(1—r)2_0_1}_2{(1—r)2 1}
= _|20k0=2kak[21 _Zz]l >2r[1_(1_1r)2}

Thus we have

lo(z,)-9(z)| >r —p—|2°k°:zkak[21‘ - Z;]l

1 | | S b SN
2r—p+2r[1—(1_r)2}_r+2r -1y p—r[S (1_'_)2} P

By taking limit p=|z, | >0 on both sides since either 0=|z,|<|z,| or 0<|z|<|z ]|,

2 . L. 2 apla 2
|g(zl)—g(zz)|>r{3—(1_r)2}—llmpﬁop_r{3 (1—r)2} O_r[B (1—r)2]

Hence, for |g(z;)-9(z,)|>0, we must have

2 2 22
— >0 & 3> 1-r) >z
1-r) (1-r)? =3
N 2 NS
& 1-r>-—2= & 1-=>r =S r<l-—==1--—=0.1835<«1
NE] NE] V3 3
Thus, for 0<p=|z,|<|z,|=r<c<1, we have
2 J6_3-6
- - - =1-—==—-—=0.1
l9(z1) g(zz)l>r[3 (1_r)2} p>0, [c 3= 3 -0 835)

= 0(z,)#9(z,) for z,#z, ie  g(z)isunivalent functionin {z/|z]<1-3"'V6<1}.
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Since f(z) is cap like function, we have

0<Re[1+szg(;)} Re[‘%z)f”(z)} Re[md—[Zf(Z)]} [f}(Z)Z%[Zf'(Z)]]

Now g'(z)=zf"(z)+f(z) will exist since f(z) isanalytic; and g(0)=0f(0)=0x1=0
Thus ¢'(0) =0f"(0)+f(0)=f(0)=1 and g(z) is analytic in the open unit disc {z/|z|<1}.

Hence g(z) = zf(z) is star like function is in the disc |z|<c=1-3"'V6<1.//

Problem: Letf(z)=z+ Zfzzakzk is star like function. Then

and zf(z) is analytic in the open unit disc{z/|z|< 1}, but zf(z) is not univalent in the open disc
{z/1z|<r <1}, thus zf(z) is not star like function.
Proof: Let f(z)=z+Y 5 ,a,z" is star like function. Then
zf'(2) zf'(2) 3 2f(2) B 2f(z2)+1(z) | _
0<Re[ ) }<Re[ ) +1=Re ) +1|=Re B OREE f( Yz [Zf(z)]

And f(z) is univalent in an open disc {z/|z|<r <1}

And g(z)=zf(2) = 2[z+ X¢,a,2%] = 2% + ¢, a, 2" is analytic in open unit disc {z/|z|<1}
—  g(0)=0f(0)=0x0=0,  g'(z)=2f(z)+F(z) but g'(0)=0F(0)+F(0)=F(0)=0%1.
Consider
0(21) - 9(z.) = 2. f(21) - 2, f(z,) =[2} + T ][22 + T ac ]
=22 -22+30 8,2 -y a2 =22 22+ 3,8, [2K T - 2]
Let z, # 2z, in the open disc {z/|z|<r<1} suchthat z, =-z, = i =122
= 9(z,)-9(z,)=Yr,a,2" -3¢ ,a,z5*1  may or may not be 0.

Thus g(z) is not univalent in {z/|z|<r<1}. So g(z)=zf(z) is not star like function.//

Definition 4: A function f(z) that is analytic in the open unit disc {z/| z | < 1} with f(0) =0,
f(0)=1 is said to be cap like function of order «a(c) in the open disc {z/|z|<c<1 if

Re[l fo((ﬂ >a(c), |z]<c<1, 0<a(c)<1.
Definition 5: A function f(z) that is analytic in the open unit disc {z/| z|< 1} and univalent

in open disc {z/|z| < c <1} with f(0) =0, f(0) =1 is said to be star like function of order «(c) if

Re[sz(g)} >a(c), |z]<c<1, 0<a(c)<1.
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Theorem 5: |If f(z)=z+Y7,a.z in |z|<1 is star like function of order & <1, then
(z+1)f(z) is star like function of order o >0.4.
Proof : Let f(2) is star like function of order a < 1.

zf'(2)
f(2)

By Theorem 1, lag |<1 (k=2,3,4,---) since f(z)eU.

= Re >a, f(z)eU
o)

Now g(z)=(z+1)f(z) is analytic in the open unit disc {z/|z|<1} since f(z) is analytic,
g(0)=1f(0)=1x0=0, and
- {g’(z)=(z+1)f’(z)+f(z) = g'(0)=(0+1)f'(0)+f(0)=f(0)+0=1.
Consider  zf(z)=z[z+ Y7 ,a,2]=2% + X7 ,a, 2.
=  (Z+Df(2)=22+3r,a v 2+ 308,28

1+1 + zi@zz ak Zk

=72+ 72+ 30 A 2%
=72+ +YrLa 2 va, + Yrsaczt =2+ (1+a,) 22 + Y (a, +a,)z¢
Put 1+a,=b,, a_,+a =b (k=3,4,5,) = 0(2)=(z+D)f(2) =2+ 3¢, b, 2%
Let z,#2z,, wehave z,-27,#0 = |z,-2z,|#0 = 0<|z,-2,].
Let p=|z|<]|z|=r<1 = 0<r-p=|z,|-|z|<|z,—2,| by triangle inequality.
Consider
0(z1) —9(z,) =(z, + D) (z,) — (2, + DT ()
= [21 + Xk=2bk ZI1<] _[Zz + Xk=2bk 25]
=7, -, +[TiLbzk —TeLb X =2, - 7, + Tl b [2F - 2X]

= 10(z)-9(z)| = |z -z, + T, [z - 2K]]

By triangle inequality, |z, -z, + Zib[zf - 25 ]| 212, - 2, |- | SRk [ 2F - 5]
= lo(z,)-9(z,)| =212, -7, |_|Zio=2bk[2|1( —Z;]l >r _P_lzﬁ;zbk[zi( - Zé(]l
Consider

| b [z - 251 < Seslbe [0z K + 12, Kl < Sl by | [rk + <] =237, by | k.
b, |=|1+ay|<1+|ay | <1+1=2, b | =] +a | <la | +lag | <1+1=2.

Then we have

| s [z - 2 ]| <2581 I <28, 2rk =45, r* =4[y rk —1-r]

Thus we have

lo(z,)-9(z,)| 212, -2, |_|chf:2bk[zi( _Zg]l >r_P_4Zf:2rk

- rr _ [_4r
e 1o ol 11 ]

By taking limit p=|z, |> 0 on bothsides since either 0=|z,|<|z,| or 0<|z,|<z],
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la(z,)-9(z,)]| > r[l—f—r} |Imp%0p—r[1—14—r}—0:r[1_i}

r 1-r
Hence, for |g(z;)-9(z,)|>0, we must have

4r 4r

1-—>0 o 1>— o 1-r>4r (-0<r<1 ie. 0<1-r)

1-r 1-r
= 1>5r = 5r<1 = r<0.2
Thus, for 0<p=|z,|<]|z,|=r<0.2, wehave

loz) -0z >r|1-52 - ps0 e g(z)#0)

Thus g(z) is univalent in the open disc {z/|z]<0.2<1}.

We have
1 z[(z+1)f(z)+f(z)] (z+1)2f(z2) +2f(z) _2f(z) 2
Z+ Dz )z_[(”l)f( ="t 2+ D) fz) "z+1
Consider

Re[zlf(gj)+zil} Re[sz(g)}tRe[Z—JZFJ>a+Re[ﬁ}=a+Re[zzill}

. z 1 1
1.e. Re md [(Z+1)f(2)]:|>0!+Re|:1—?} a+1—Re|:m:|
L, 1 ] ge1-pe| X
ie Re (z+1)f(z) iz [(z+1)f(z)]}>a+1 Re[x+1y+1}_a+1 Re[(1+x)2+y2}
. 1 1+X
ie. Rel——r— 2+ D)f(2)]|>a+1-——F—
D) d Gl D )]} T X1y
Let |z|<c<l = |z[<c*<1l =  x*+y*<ci<«l
= xX*<xt+y’<cf<l = -1<-Cc<x<Cc<l =  0<l-c<l+x<l+c<2

But  0<(1+Xx)*<(1+x)*+y?
1 1 1+X 1+X 1 1

< = < = <
A+x)?+y> (1+x)° (1+x)2+y2 (1+x)? 1+x 1-c¢

1+ X 1
>

C(@+x?2+y? | 1-c

= a+1——1+x >a+1- 1 _a+l-(a+l)c-1 -2 2c

(1+x)?+y? 1-c 1-c 1-c

Thus we have

1 1+X a—2C
Re| b e [(z+1)f(z)]}>a+1—(1+x)z+yz> T-¢ 20

for a—2c=0 or a=2c or 2c<a or c<0.5a<1 since a<l1.

2 a—ZC a—2(02) a—04
~0.2<0. =< = -
c=0.2<0.50<1 = cSa = 1-c 1-0.2 0.8

So g(z)=(z+1)f(z) is star like function of order & >0.4 in the open disc |z|<0.2<1.//

>0
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Definition 6 : n-th partial sum of the function f(z) = X¢_,a,z" is s,(z,f) = X _,a, z*.

Theorem6: Let f(z)=z+Y5 ,a,z" in{z/|z|<1} is univalent. Then s,(z,f) is analytic in
the disc {z/| z|< 1} with s,(0,f)=0, s,(0,f)=1, and is univalent function in|z|<3™ <1 for all
integersn=2,3,4---

Proof : s,(z,f)=z+3Y0_,a.z in|z|<1 is analytic with s,(0,f)=0, s,(0,f)=1.

Let z,#2z,, wehave z,-27,#0 = |z,-2z,|#0 = 0<|z,-2,].

Let p=|z|<]|z|=r<1 = 0<r—p=|z,|-|z|<|z,—2,| by triangle inequality.

Consider

Sn(21,1) =5, (22.1) = [21 +Zﬂ=zakzl1(]_[zz +Zﬂ=2ak2|2(]
= 7, -, +[Zhoaf - Thoadk]= 7 - 2, + Tioa 2 - 7]
= 15:(21,) = 8,(2.0)| =| 2, — 2, + ka2 - 2]

By triangle inequality, |z, —z, + Xia [zt —2X]| =2 12 - 2, | - | 2R a2 - 2¥]|

= I50(20. 1) =8, (22,9 2 | 2, — 2, | - | ZRop [z - 25 ][> r - p- | ko a2 - ]|

Note that f(z)eU = la, |<1 (k=2,3,4,---) by Theorem 1.

Again by triangle inequality,

| Zkoadz -zl <sie ladz - 2]l = kol acll 2 - 2 [< SRl 21 [+ 22 ]

i.e. |Zﬂzzak[z1 _Zz]|<2k 2[|Z1 |k+|zz |k]<2k 2[r +rk] since |z, |<|z|=r.

e, |Zhoafzk -]l ziL2rk =23R ik =2[sR ok —1-r] = 2[1 Iinrﬂ -1- r}

-+t N+l 2 n+1
— —|ZE:zak[Zf ]|> 2 “1-rl=2 1+r—1 r —9 1-r*=1+r
1-r 1-r
. n+1 _2r2 2rn+1 _2r2 _2r2
ie. =3P alzf-z¥1|=2 Fertt + > +0=
| a2l [ 1-r 1-r 1-r 1-r 1-r

Thus we have
2 2
[80(21.0) =022, 6] > 1 = p - [ TR [ —z2]|>r—p—1—rr—r[1—1—jr}—p

By taking limit p=|z, |> 0 on bothsides since either 0=|z,|<|z,| or 0<|z,|<|z,],

|sn(21,f)—sn(zz,f)|>r[1—%}—limﬁop:r[1——} 0=r [1__}

1-r
Hence, for |s,(z;,f)—s,(2,,f)| >0, we must have

1——12r >0 S 1>_12rr = 1-r>2r (-0<r<1 ie. 0<1-r)

o 1>5r o 3r<1 o r<3?
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Thus, for 0<p=|z,|<|z,|=r<3?, wehave

2r .
|sn(zl,f)—sn(22,f|>r[1—;}—p>0 i.e. Sn(z4,f) #5,(2,,%)

Hence s,(z,f) is univalent function in the disc |z| <3 for all n.//

Theorem7: |If f(z)=z+Y¢ ,a.z" is star like function in {z/|z|<1}, then s,(z,f) are star
like functions in |z|<1-=/2.
Proof : Let f(z)=z+Y5_,a,z" is star like function in {z/|z|<1}.

zf(2)
f(2)
And f(z) is univalent = la, | <1, k=2,3,4,--- by Theoreml.

= Re[ }>0, |z|<1.

Partial sum of f(z) is s,(z,f) =z +X}_,a,z%. Consider

zsi(z,f) z[1+ZE:2akk z"‘l]_ 1+ 8kt 1+30 ,akz¢?
s,(z,f) z+Y0 a2 1+Y0 ,a,z¢? h,(2)

zsi(2,6)] o [1+ 208k zkl}_ h,(2) [1+30,akz*1]
Re{ sn(z.f)}R{ h,(2) _R({ h,(z) h,(2)

25,(25)] o [ (@) + P @)Sh ek 2L
Re{sn(z,f)}R{ n@F }
1

H ZS'(Z,f):| n = =k-1 n = k-1 n k-1
i.e. Re| — = Rel1+Y/_,a 7" " +|1+>¢_,a.7 Seo,akz
|:Sn(zyf) |hn(2)|2 [ k=2 [ k=2 ] k=2% ]

Put  ¢(2)=3p,azt +[1+30,a87 1 ]=p ,akz*1. Then we have

i.e.

s (z,f)] . 1 1
Reli Sn(z,f):|_|hn(2) |2 Re[1+¢(2)]—|hn(—z)|2[1+Re¢(Z)]
We have  —|¢(z)| <[Red(2)]<|d(z)| since  [Red(2)] <|o(z)].

Thus we have

@ F Rel 225014 Reg(z) 2 1-142)]

Consider
10(2)| =[Zh a7t +[1+ S, a7 ] shak 2
<2 a 2+ [[1+ S a 7S ak
=[S0, a7+ 1+ T,k 2 [2h, ak 24|
<|ZRoaz +[ 1+ [, ak Y || ZRak 24
<YRola 7 |+ [+ 2Rl a 7] 2R a ke 26

=Skl @ 7 [+ 2Rl a1 2] SRl a ke 2 [
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Put |z]=r<1. Then
16(2)| < ZRola |- r T + [ 1+ 200 & [ -r* ] Skl ay [ kerk?

<SR L [ 14+ TR, 1 ] ER 1 krk

- k - k7. < d k

= R, [ 14T R ]'kgz&r

_1nk__ 1nk__,£nk__
_r[zkzor 1-r]+ 1+r[2k:0r 1-r] dr[ZHr 1-r]
_1f1-r"1 1[1-r"1 d[1-rn

_{ 17 —1—r}{1+{ T _1_rﬂ.&[ T —1—r}
_1-r™t 1 1-r™t 1 d(1-r"!

“r@on r {“m‘rl}[&( -t j—o—l}
_1-r™ 1o 1™ 1or JFd(1-r™t)
“r(1-r) r(1-r) r(l-r) r(1-r)||dr\ 1-r

e A T 1-r"—14r (1—r)(—(n+1)r”)—(1—r“+1)(—1)_}
B r(1—r) 1+[ r(t-r) }{ (1-r)? !

:r—r””_l{r ”+1}[ A-r)(n+1)r"+1- ”+1_1}
(1-r) (1-r) (1-r)

TR Pl e ”+1{(1—r)(n+1)r S —1}

(1-r)? (1-r) (1-r)? (1-r)?
rormt o (- [ -r)(n+1)r" +r”+1] Ml ol
S (1-ry (1-nt (1—|f)4 (1)
<_1_(r—r”+1)[(1—r)(n+1)rn + ] et LT
- (1-r)* (1-nt
Thus
L 16(z)] 21| -1 (r—=r"))[A-r)(n+D)r"+r" vt
) (1-r)* (a-n’
:1+1+(r—r”*1)[(1—r)(n+1)r” +r ety o9i0_ 1
(1-nt (1-r) (1-r)*

since 0<r<1 ie. O<r"™l«<r'<...<r?<r<1 = 0<1-r, O<r—r", —r>-1.

Assume that
1 1 .1 1
- >0 = 2> = 1-r)*>= = 1-r>—
(1-r)* (1-r)* (1-n) 2 2
- 1-Lsr = r<l-t<1 (1—i;1—o.84:0.1591)
2 2 Y2
- 1-Lsr = r<l-t<1 (1 1.1 084- 01591)
2 2 2
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Thus we have

Ih,(2) ] Re[%}m—lw)l >2—(1_1r)4 >0, (|Z|=r<1‘4/%§<1

= Re[zsié((zz’g)}>0, (|Z|=r<1—%< 1).

Hence s,(z,f) are star like functions in |z]| <1-%2.//

Theorem8: LetL(z)=2z(1-2)"'. Then s,(z,L) (n=2,3,4,---) is cap like function in disc

|z|<0.25.
Proof : L(2)=2(1-2)" =25}, 2" = X, 2" = X1, 2 =Tk, 2 = 2+ 3,82
where a, =1 (k=2,3,4,---). Then we have
n n n—-1 __ =N
s, (z,L)=z+ Y k=Y zk= Y Mt =z3 7 S St 2
k=2 k=1 k+1=1 k=0 1-z

= S,'1(Z,L):(1—Z)[l—(n+1)z”]_(0_1)[z_Zn+1]
(1-2)?

1-z-(n+1)2"+(n+1)z2"" +z2-z"" 1-(n+1)z" +nz"*!
(1-2) (1-z)

= logs,(z,L) =log[1-(n+1)z" + nz"*']-2log(1-z)

By taking the derivative on both sides, we have

se(z,L) _0—(n+Dnz" ' +n(n+1)z2" -1 (n+)nz"'[-1+2] | 2
sn(z,L) 1-(n+1)z" +nz"? 1-z 1-(n+1)z"+nz"™' 1-z

Zs,’{(z,L)_ (n+1)nz"[-1+ 2] N 22 —N(Z)+ 22
ss(z,L) 1-(n+1)z"+nz™' 1-z D(z) 1-z

sn(z,L) (n+1)nz"[-1+2] 2z (n+1nz"[-1+2] 1+z
= 1+z =1+ =
sa(z,L) 1-(n+1)2"+nz" 1-2 1-(n+1)z2" +nz"! 1-z

To simplify the notations, put

N(z)=(n+1)nz"[-1+2], D(z)=1-(n+1)z" +nz"**, %:W:UHV

sa(z,L) N(z)
- s,(z,0) " D(2)
sa(z,L)] N(z) 3 N(z) 3 N(z)
= Re|:1+zsr,](z’|_):|—Re{m+Wi|—Re{m}-FReW—Re[m}'FU """""" (1)
We have
w =1%§ = W-wz=1+72 = W-1=z+wz = w-1=(1+w)z
Consider
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|z|_— = & 4lw-1|=|w+1]|

‘W+1 4

N 4lu+v-1|=|u+wv+1| < 16|u—1+wvf =lu+1+uwv[

0

16[(u—1)? +Vv3]=[(u+1)?*+v?] <  16[u*—2u+1+Vv¥]=[u?+2u+1+Vv?]

o 16U? —32u+16+16V? =u? +2u+1+V? o 15u? =34u+15+15v2 =0

L 17, (17Y (17 2 _
= u? 15u+1+v =0 = u? 215u (15) (15) +1+ve=0
17V 2289 . _289-225_ 64 _(8)2
< (u 15) V=TT o35 Ta2s7\1g)
Consider
17\ 8\ 8\ . . B
max(u—l—s) max{(lS) -V } (15) i.e. max will exist at v=0

15 15 15 15 15715

17,8 _25 . ,_17 8 _9
15715 15 15 15 15°

Hence it is clear that the Mobius (Bilinear) transformation

2 2
= (u—1—7) =(§) = u—g—ii = u=g+§

u=

_1+z
1-z

-1

maps the circle |z|=4"" in xy-plane into the the circle

in uv-plane such that the line segment AB on u-axis (v=0) is a diameter where

NEINWE 25 o\
A=(20)=(20). s 8=(0)-(0]
9 .25 3_..5

15 15 5 3

Observe that  |N(z)|=|(n+1)nz"[-1+z]|=(n+Dn|z"| |-1+z|<(n+Dn|z|" [1+]z]]

Let |z|<4 Then [N@|<(+Dn|z|"[1+]|z]]<(h+Dn(4 )" [1+471]
ie. |IN@|I<(+Dn(@H)"[1+4]=(n+1)n 4" 4 +1]

ie.  |N(2)|<5(n+1)n4"1L

Consider [nz" —(n+1)z" | < | nz" | +|-(n+D)z" | =n|z[" +(n+1) | z]|"

Let |z|<4'. Then njz|™ +(+1)|z"<nd" +(n+1)4"
Thus, by transitive law, |[nz"™! —(n+1)z"|<nd™ P+ (n+1)4" <1
= —|n™-(n+1)z"|>—n4 " —(n+1)4" > -1

=  1-|n"-(+1)2"|21-n4" T —(n+1)4">1-1=0
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But  |D(2)|= |1+nz" —(n+1)z"| >1-|nz""' —(n+1)z"| >0

1

1 _
< for |z|<4l.
ID(2)|" 1—n4™™! —(n+1)4" 2]

=

Thus we have, for |z|<47,

N@|_IN@I_ Shenna™  sebn .
D(z)| ID(z)| 1—-n4 ™' —(n+1)4™" 4™ —n—(n+1)4 '
Observe that
1o 5(n+1)n _ 5(2+1)2 _103)  _10(3) _3
4™ —n-(n+1)4 4*1-2-(2+1)4 64—2-12 50 5
5(n+1)n 23 25 _4"™-n-(n+1)4_ 4" 1 1 (4)
4™ —n_(n+1)4 5 127 4(n+1)n (n+1n 4(n+1) n '
We know that
1 1 1 1 1 1
- st 7 eyt ot "z oo L
forany n=2,3,4,---
n=3 #6425
n(n+1) 3(3+1) 12~ 12
Observe that for all integers k
gt 4 - a4 4 - 4 1
(k+1)(k+2)" k(k+1) (k+1)(k+2)" k(k+1) k+2" k
& 4k >k +2 & 3k >2
Since 3k >2 for all integers k>1, we have
4K+t 4k 4 64
> >0 > =—
(k+1)(k+2)" k(k+1) 33+1) 12
Thus we have
4" 64 4" 1 1_64 40 _ 25
- > = —_ > _)=_"">"=
s o1z T3S = En T e noiz 212012

Thus, from (4), we have

5(n+1)n
4" —n—(n+1)4

Thus, from (3), we have

N(z)|< 5(n+1)n <3 N _§<_‘M
D@ 4™ —n—(n+1)4 5 5= |D(2)

We know that |f(z) P=[Ref(2)] +[Imf(2)]? = [Ref(z)]
=  [Ref@P<If)F =  -|f(2)| <Ref(2)<|f(2)].

Hence we have
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_|N(2) N(z) N(2)
F e <Rloe) = Floe)
Therefore, from (1) and (2), we have

Re{l + zzig tﬂ = Re[ggﬂ u> —g+§_ 0.

It remains to show that 0.25 is maximal radius. This is seen for s,(z,L)=z+2*. Then

sy(z,L) 0+2 1+4z

1+2 =1+z =
" sy(z,L) 1722 1422

has singularity at z=-0.25, and thus analytic within |z]<0.25.
Clearly s,(z,L)=z+X}§_,z" is analytic within |z|<0.25, and s,(0,L)=0,
Since s/(z,L)=1+30_,kz*?, we have s/ (0,L)=1+3p_ ko T =1.

Hence s,(z,L) is cap like function in the open disc |z|<0.25.//

Definition 7: Hadamard product (Convolution) of two analytic functions f(z) =Z‘|f:0akzk
in the open disc|z| <1, and g(z) = X¢_,b,z* in the opendisc | z| <, is denoted by fxg and is

defined as an anlytic function (f*g)(z) = ng;oakbkzk in the open disc |z| < nyr,.

Theorem9: Let f(z)=z+Y7,a.z%, and g(z)=z+X7,b.z are univalent functions.
Then (f*g)(z) is cap like function in the open disc|z|<67* <1, and is univalent in the open disc
{z/121<3" <1}.

Proof: By Theorem1, |a|<1(k=2,3,4,---), and |b |<1(k=2,3,4,---) since

f(z), g(z) are univalent in the unit open disc |z| < 1.

Now  (Fxg)(2)=z+3r, bz

Let us consider

L g {88

We know that

2(f+0)' @) |29 () 29" (@) o [2(40)(D)] _|2(F+9)'(2)
[Re[(f*g)%z)ﬂ )2 | ) (2) Re[(f*g)'m} F0)(2) |
el @) o (20 @] 2(40)(2)
= () “Re[ (f*g)'(z)} Re{“(f*g)'(z)}
20 (@) ], |20 @)|_. [2f*9)'@)_|(*0)(2)]-lz(*0)' @)
= Re[“ (f*g)'(zﬂ21 @) |~ (Fro)@) F+0) ()]

We have  (f*g)'(z) =1+ Y5 ,ab.kz*!
= (f*0)"(D)=Xi.abkk-1)2*? = z2(f*g)"(2) = T ahbck(k - 1)z
= |z(f*9)"(2)| =| Tk adbck (k - 12 < X7 ay [ b [k(k = 1) 2 [F! < T, 1k(k = 1) | [
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Put |zl=r =  |z(f*0)"(2)|< i, (k? —Kk) r*t.

By Triangle inequality, — 1-|Xp,abkz" | <|1+3¢,abk | =|(Fxg)(2)|
= |(fx0)(2) 2 1-| X adk |

But | Tk.adk 2 < I la b [k |z [ < TR,k z [ = X k!
= |(fxg)(2)|21-|Ziabk | > 1-2p, krkt
= [(fx9) ()| -|z(F*0)"(2) 21— TR kr* T =38, (K2 —k) ré ! =1- T k2 rk

We have

e kAt =ye [k(k—1)+ k] =3r L k(k - 1)kt + 3 krkt
=Y k(k—1)rk T+ 3k = reE k(k 1) rk 2+ e krk

. - 2 k-1 _ dZ ooi K ioo K © k d2 d ©
i.e. P Sl r%dr %drr —rdrzkgzr +dr§ [ s e kzzr
PR SN PN Y R LY i
i.e. Sk ker [rdr +dr}[k§0r 1 r}_ rdr2+dr} It 1-r
ie. o erk—lzr 2 n 1 _1:2r+1—r_1: r+1 _

2k @ ay Ay asry

Thus we have

V(] |7 (F s )’ _Nw 2k—1:_r+1 =_I’+1
[(F+9) ()| -[z(F*9)"(2)] 2 1~ Zi k" r" =1 (1_|r)3+1 2 1-r)?

We have

r+1 0 2 r+1
— ~ 3> = > 3
1-r a-r)

20-r¥>r+1

s [1-rP-3rl-n]>r+1 < 2-2r*-6r+6r:>r+1

N 1-7r+6r2-2r’3>0 < 1—7%+6%—2%>0 (Rr=1, R>1 since r<1)

< R*-7R*+6R-2>0 << R*-7R*+6R>2 <<  R(R*-7R+6)>2
=S R(R-1)(R-6)>2 <« R>6 (~R>1)

1 1 1
->6 r<- Z|<=<1.
= - > = e = |z] g

Thus, for |z|<67' <1, we have

(F+ ) (2)|~|2(F* ) (2)] 22—~ L >0

(1-r)?
2(F+0)'(2)]. (F*0) (@) —|z(F* )" (2)
= Re[l (+ g)(z)} ol

Hence (f*g)(z) is cap like function in the open disc|z| <67 <1.
Let z,#2z,, wehave z,-2z,#0 = |z, —z,| #0 = 0<|z,-2].

Let p=|z|<|z,|=r<1 = 0<r—p=|z,|-|z;|<|z, —2z,| by triangle inequality.

http://www.ijritcc.org



http://www.ijritcc.org/

Consider
(F9)(z) ~ (Fx9)(z.) = [z + Tk abikei ][z, + Ti ka2 ]
=7, -7, +[Zabf - S ab =2 -7, + S ab [z - ]
= [(F0)(z) - (Fx0) () = 20 - 2, + T aub [z - 2]
By triangle inequality, |z, —z, + Yr,ab X - ZX]| 212, - 2, |- | ZFo, ab [z - 2X]|
= (f*0)(z) - (F*0) ()2 | 2 - 2, |- | a2 - 21| > r— p-| i acb [z - 2]
Again by triangle inequality; andsince |a |<1, |b |<1; we have
| 2R a2 - 25 1< Sk lab [zt - 22 ]| = SRl ay Il | 2 - 25|
<TRL 1 [zt [+ ]
=Stz [+l FI< SRl +r¢].
r2

2
ie. |2 kay [z - 25 ]| <23, :2; = —| =i kay [2¥ - 25]| 2—%

o 2r? 2
= |(f*g)(zl)—(f*g)(zz)|>r—p—lzk=zakbk[z¥—zzk]I2r—p—1—[r=r[1—1—_rr}—p

By taking limit p=|z, | >0 on both sides since either 0=|z,|<|z,| or 0<|z |<|z],

|t 0)(2) = (Fe)) > 1| 120 |tim, o p=r| 120 -o=r1- 2|

Hence, for |(f*g)(z;)—(f*g)(z,)| >0, we must have

1_12rr>0 - 1>_12rr = 1-r>2r (-0<r<1 ie. 0<1-r)

o 1>5r o 3r<1 o r<3-

Thus, for 0< p=]z,|<]|z,|=r<3™*, wehave
2 .
(Er)z) =0zl 1| 1- 25 |=p>0 e (Fe0)(@)# (F+0)(z.),

Thus (fxg)(z) is univalent in the open disc {z/|z|<3! <1}.//

Theorem10: Letf(z)=z+Y¢ ,a,z" is univalent function. Then f(z) is star like function in
the open disc {z/|z|<c<1} where c=1-3"/6.
Proof : let g(z)=z+Y¢,k'zK=Y¢ k'z%. Thenclearly g(0)=0, and g'(0)=1.

And g'(z)=Si 2"t =3p 2 =Y =(1-2) = g'(2)=(1-2)7

29"(z) . z(1-2)?% z 1-z+z 1 _ 1 e
= 1+ 0@ =1+ 17 _1+1_Z_ -7 1-7 1-(x+1y) (rz=x+1y).
. 29"(2) 1 1-x)+2y [ zg”(z)} (1-x)
9'(z) (A-x)-1y (1-x)7*+Yy? 9'(2) I (1-x)+y?
For |z|<1, wehave Xx*<x*+y?=|z[f<1 = -1<x<1 =  0<1-X
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Thus we have
zg"(z)} _ (1-x
9'(z) | (1-x)*+y?
g(z) is cap like function.

Re[1+
=
|z, —2,| #0 = 0<|z,-2,].

by triangle inequality.

Let z,#27 =
r—p=lz,l-1z,1<|z, - 12,|

Let p=|z,|<L|,|Fr<1 =
Consider
9(z)-9(z) = [z +ZkLak 2 |-[ 2+ Ziak 'z |

=7, -, +[XiLak izt - e ak K] = 7 -2, + T ak 2k - 2X]
By triangle inequality, |z, -z, + S, ak X - zK]| > |2, - 2, | - | Zis ak [ zF - 2X]|
9(2) - 9(z)|2 120~ 2, | = | Sk ak [z - ][> 1 - p-| Sk ack [z - ]|

=
|ag | <k since f(z)eU.

By BEIRBERBACH conjecture

Again by triangle inequality, we have

| Ziak [z - 2] < S [ak [ - 2]l =Zislac k| 2 - 2|
<Siakk [z [+] 2 1]

|Zf:zakk_1[zi( _Zé(]lgzakozz[l 7, [ +]z, |k]32f:2[rk +rk] since |z, |<|z,|=r.
2

ie.
r

|Z°ko=zakk71[z¥ _Z§]|§Zok0:22rk =255, :Zl—l‘

i.e.

Thus we have

" _ 2r? 2r
9(z1)-9(z:)|> r - p— | Zioack [zt — 25|27 - p- = r[l—m}—p.

By taking limit p=|z,|—> 0 on both sides since either 0=|z,|<|z,| or 0<|z |<|z]|,

2r |y —rl1-20 | _gorl1o2
|g(zl)—g(zz)|>r[1—m}—llmﬁop_r[1 1_J O_r[l 14}.

Hence, for |g(z,)-9(z,)|>0, we must have
1—%>o o 1>% &  1-r>2r (+0<r<1 ie. 0<1-r)

o 1>5r = 3r<1 = r<3=t

Thus, for 0< p=]z,|<|z,|=r<3", wehave

2 . .
02)-0@) > 1| 112 |- p>0 i foz)-0@) 20 e 9(z)-9(z) 20,
Hence g(z) is univalent function in the disc |z| <37 < 1.
Convolution of f(z) =z + ¥¢_,a.z%, and g(z) = 2+ X,k 2" is (F xg)(z) = 2+ Xi_,a k 'zX.

By Theorem 9, we say that (f *g)(z) is cap like function in the open disc|z| <67 <1, and

(fxg)(z) is univalent in the open disc {z/|z|<3™" <1}.
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(F*x0)(2)=1+ZiLak k" = z2(fx9)(2)=z+Ti,az" =f(2).
By Theorem 4,  f(z)=z(f *g)'(z) is star like function in {z/|z|<1-3"'V6=0.1835<1}.//

Definition 8: An analytic function f(z) in {z/|z|<1} with f(0)=0, f(0)=1 is said to be

close-to-cap like function if there is a univalnt cap like function g(z) in {z/|z|< 1} such that

Re[%}>0, |z|<1.

Theorem11l: Let g(z)=z+2f:2bkzk is close-to-cap like function. Then g(z) is univalnt.
Proof: Let g(z) is close-to-cap like function. Then there is a univalnt cap like function

h(z) in{z/|z|<1} such that

Re[w}>0, |z]<1.

h'(z)
Let |z,|<1
[9'(2)
= Re_h’(zo)}>0
im 90 —9(20) | 9(2)-9(2)
157y 11 . -1,
T @) T e ha)
_ZLZO Z—1, | -1,
[ 9(2)-9(2) ] : 9(2) -9(z)
= Re_zan; m_ > 0, L+, = ZILrQ) Re[mjl > 0, L+ L,
[9(2)-9(z)
= Re_m}>0, Z#1,.

But h(z)=h(z,) for z=z, since h(z) is a univalnt function.
= 9(z)-9(z,)#0 for z=z, = g9(z)=#9(z,) for z=z,.

Thus g(z) is a univalnt function.//

Theorem12: Letg(z)=z+37,b z" is close-to-cap like function, and f(z) =z + Y¢_,a,z*.

Then (f*g)(z) is close-to-cap like function provided |(f*g)'(z)-g'(z)+1]|>1.
Proof : Let g(z) is close-to-cap like function. Then g(z) =z +Yy_,bz*; and there is a

cap like function h(z)=z+3Y¢,c.z%. in{z/|z|<1} such that

Re[%}>0 |z]<1.

Now  h'(z)=1+Yp,ckz"?.
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Convolution of f(z) =z + Y¢_,a.z%, and g(z) =z + Y5,b 2 is  (F*g)(z)=z+3X5,a.b,z¥.
Consider (f*g)'(2)—9'(2) =[ 1+ T abke* |-[ 1+ Tk, bka* ™ | = T, (adby —bkz* !
Without loss of generality, Put c, =a/b, —b, for k=2,3,4,---

= (f*0)(2)-9'(2) = Tk (ady ~b)ke* ! = Ti,0k T =h'(2) -1

@ ¢@ NMO-1 . 1 . (@ d@) ., 1
= No) N ha  Th e N2 h) TR
(@] o [0@ ., 1] o[d@ !
= R[ h(2) } Re[h(z)+1 h(z)} Re[h()}” Re[h()}o” Re[h()}

: (f+9)'(2) ~ h@ 1 . o] h@ |, Reh(®)
i.e. Re[ () }>1 Re[h(z)} 1 Re[h’(z)xm} 1 Re{lh'(z)lz} 1 NP

Let h'(2)=u(x,y)+w(X,Y) = mzu(x,y)—zv(x,y)
=  |h(@)P=u*+Vv?, and Reh'(z)=u.

Thus we have

S

— u u?+v2—u
Reh'(z2)=1- =
[h'(z) 2 2) u?+v: U +v?

2 2

u<o = us+v:—u>0.

0<u<1<u®+Vv? since  u*+vi=h(2)P=|(f*0)(z2)-g'(z)+1]|>1

2 2

= o<u?+vi—-u ie Uu?l+v:-u>0

2 2

1<u = U<u?<u?+v? = O<u?+vi—u ie. u?+vi-u>0.

Thus we have

[(f*g)(zq W HVi-U, gy

h'(z) u? +v?

Theorem13: If f(z)=z+Y}_,a.z" is close-to-cap like function in {z/|z]|<1}, thens,(z,f)
are close-to-cap like functions in |z|<1-3/2.
Proof : Let f(z)=z+Y7_,a.z" is close-to-cap like function in {z/|z|<1}. Then thereis a

cap like and univalent function h(z) such that

Re[;((z))}>0 |z|<1.

Clearly |a, | <1, |t |=c|<1 since f(z),h(z) are univalent.
Partial sum of f(z) is s,(z,f) =z + X§_,a,z

Consider
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Re{sr&(z,f)} _ R({ h'(2) s;(i,f)} _Re h(@)[1+Xh,akz ]
h'(z) h(z)h'(z) NP

. sa(z,f)| 1 Pt k-1
ie. Re[ b }_W(Z) ? Re[ h'(2)+h(2)xf_,akz* ]

; SH(Z,f)} 1 | © =1 7k-1]n k-1
i.e. Re| = = Re[ 1+ > L,C0KkZ " +]1+>¢.,Ckz pakz
[ W@ | "I @)F [ 2k=2Ck [1+3E.0 | paEY J

Put  &(2)=3E,Ckz" T +[1+ 27,6k fk‘l]zﬂzz akz¢Tt.

= Re[s'i](,(zé;)} == | h’(lz) E Re[1+¢(z)]= i ( 7 ——[1+Red(z)]
We have —9(z)| <[Red(z)]<|d(2)| since [Re¢(z)]2 <|é(2) .

Thus we have

[N Re| 5D =14 Rep@)21-16(2)

Consider
16(2)| =[Tiek 2t +[1+ S, ok 2 i ak 2|

<[z tk 7Y+ [1+ S,k 2 S ak 24
=| SR Gk ZE |1+ LTk 74| TR ak 247
<SRGk T+ [1+] TR, ok 74 ] [ ak 24
=30 [ FS bl KN F B s [ HE bl N oM MBS b
=Skl G ke Z [T+ [T SRl ke 2] 2Rl a [ kel 2 [
=Yl ke T [T+ S T [k rf T ] 2R ay ke

STk r 14 T, 1 kerk S, 1 ke

 d nod d d k
ZCF [1+Z—l’} z&r _d Zr +[1+d kzzr}—Zr

k=2 Kk=2dr k=2 dr¢=
d r? d r?
:&E+[1+§1—r} dr[kzor }
_(@-r2r-r’(- ), {1 (1-r)2r—r?(- )} { _rn+1_1_r}
(1-r)? (1-r)? drf 1-r
_Zf—f24{1+2f—f } [(14)( (n+1r")—(1-r"")(-1) _o0- 1}
- La-ry (1-r)?
_2r-r? (1417 —2r)+(2r—r2){ (1—r)(n+1)r”+1—r”+1_1}
Ty (1-r)? (1-r)?
_2r—r’ 1 _{—(1—r)(n+1)r”—r”+1+ 1 _1}
(1-ry (1-r) (1-r)? (1-r)
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. 2r—rz (1-r)(n+Dr" "t 1 1
ie. 2)| < - + - , zZ|=r.
0@y a-ry TECITES
2r—r2 (1-r)(n+1)r"+r™t 1 1
1- )| >1- +
- ol =1-| R ey
. 2r+r2 (1-r)(n+1D)r" +r"! 1 1
1.e 1-1d(2)| =1 -
R T N Ce 1-n' ({1-r7
1-2r+r2 (A1-r)(n+1)r" +r"t 1
=1+ -
(1-r)? (1-r) (1-r)
_ n n+1
=1+1+(1 r)(n+1)r4+r 1 2240 1 o 1
(1-r) (1-r)* (1-r)* (1-r)*
since 0<r<1 i.e. O<1-r.
Assume that
1 _ 1 vy o1
(1—r)4>0 = 2>(1—r)4 1-r) >5 = 1 r><ﬁ
-~ 1-L1or =  r<1-Llog (1—151—0.84=0.1591)
2 2 2
Thus we have
|h’(z)|2Re[s’,‘(z’f)}zl—|¢(z)|>2— 1o (|z|=r<1—l<1)
h'(z) (1-r)* 2
sa(z,f) ( _ 1 )
= Re{ h’(z)}>0’ |z|=r<1 i‘/§<1'

Hence s,(z,f) are close-to-cap like functions in|z|<1-%2.//

Concluision Entire conclusion of the 13 theorems discussed is presented in the following.

1] Any f(z)=z+3YF,a,z is univalent function in the open disc {z/|z|<3' <1} by

the Theorem 2.

2] Let f(z)=z+Y,a.z" is any univalent function in the disc {z/|z|<1}.} Then
i) f(z) has the property |a, |<1 (k=2,3,4,---) by Theorem 1;
ii) f(z) is cap like function in the disc{z/|z]<67 <1} by Theorem 3.
i) s,(z,f)=z+X8_,a.z" is univalentin {z/|z| <3}, ne¥—{1} by Theorem 6.

iv) f(z) is star like function in the open disc {z/|z]<1-3"v6<1} by Theorem 10.
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3] Iff(z)=z+3r,a,z" is univlent and cap like function, then zf/(z) is star like function
in the disc {z/|z|<1-3"'v6<1} by Theorem 4.

4] Iff(2)=z+3r,a,z" is star like function of order o <1, then (z+1)f(z) is star like
function of order  >0.4 by Theorem 5.

5] If f(z)=z+3}_,a,z" is star like function in {z/1z|<1}, then s,(z,f) (n=2,3,4,---) are
star like functions in |z|<1-=/2 by Theorem 7.

6] LetL(z)=z(1-2)". Then s,(z,L) (n=2,3,4,---) is cap like function in disc|z|<0.25
by Theorem 8.

71 Convolution of any two univalent functions f(z) =z +Zi§°:2akzk, and g(z)=z +2§°:2bkzk
defined as (f*g)(z)=z+ X7 ,a,b,z* is univlent function in the open disc {z/|z|<37},
and is cap like functionin the open disc {z/|z|<67'} by Theorem 9.

8] Let f(z)=2z+ Zif’:zakzk is any close-to-cap like function in {z/|z|<1}. Then
i) f(z) is univalnt function by Theorem 11.
ii) s,(z,f) are close-to-cap like functions in |z|<1-=%2 by Theorem 13.

9] Letg(z)=z+Y,bz" is close-to-cap like function, f(z)=z+Yp_,a.z. Then (fxg)(z)
is close-to-cap like function provided |(f*g)'(z)-g'(z)+1|>=1 by Theorem 12.
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