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ABSTRACT

In this paper an algebraic structure fuzzy lattice KS- operator group is defined and derived its properties. We all know that all
subgroups of an abelian group are normal. Here the same condition of commutativity is used to define this structure but it is in
form of a function as fuzzy set is a function. The basic set on which this structure is defined is a KS operator fuzzy group and also

a lattice hence the name.
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1. Introduction
A revolutionary thing happened in the history of
mathematics by introduction of Fuzzy set theory by Zadeh
[11]. Rosenfield[7] then utilized this theory in algebra and
introduced fuzzy groups..In 1994 Ajmal and Thomas [1]
combined this fuzzy algebra with the algebraic structure
lattice and extended the concept to next level. Nanda [6]
used partial ordering in fuzzy set and defined fuzzy lattice.
Satya Saibaba[8] used ordering of lattice relation and
defined fuzzy lattice ordered group. Goguen [2] generalized
the concept of fuzzy lattice by replacing image set of fuzzy

set [0,1] by a complete lattice. Solairau and Nagrajan [9]
defined fuzzy Q- modules. Murdai and Rajendran [5]
defined a new form of fuzzy lattice. Gu[3] done the fuzzy
algebra work on operator groups. Subramaniam , Nagrajan
& Chellapa [10] brought the research to the next level by
giving m fuzzy group concept.Lokhande and Makandar [4]
defined the concept of one operator fuzzy algebraic
structures. In this paper we introduced the two operator
fuzzy lattice normal group

2. PRELIMINARIES

Definition : Fuzzy group-

Let p: X — [0, 1] be a fuzzy set & G € p(X) = Set of all fuzzy sets on X. A fuzzy set p on G is called a fuzzy group if i) p(xy)=>

min {u (X), u(y)} ii) g (x1) > p (x), for all x, ye G .
Definition : Lattice group

A lattice group is a system ( G,.,<) if 1) (G, -) is a group ii) (G,<) is a lattice . For a, b, x, ye G

Definition : Fuzzy lattice group

Let u: X — [0, 1] be a fuzzy set & G is a lattice , G € p(X). A function L on G is said to be a fuzzy lattice group if

i) p (x'y) = mini {p (x), p(y)}
D Zp )

iii) p (x viy)=mini {p (x), p(y)}
iV) L (X Ay)>mini {p(x), p(y)}
for all X, ye G

Definition: K operator group

Let G be a group, K be any set if i) k x € G. for all xe G, k e K. Then G is called a K operator group.

Definition : Fuzzy K operator group

Let u: X— [0, 1] be a fuzzy set & G be a K group G. A fuzzy set on G, G € p(X)) is called a fuzzy K operator group if i) p (kxky))

> mini {4 (k x), 1 (ky)}
i) p (kx) > p (k x)
Definition :

forall x,ye G, ke K
Fuzzy lattice K2-operator group

W X to [0, 1], G € p(X), K C X. G is a lattice and a K2-operator group. A function p on G is said to be a fuzzy lattice K-operator

group if

) p(kxky) > mini{p(kx),n(ky)}

i) p((kx ) > plkx)

iii) p(kxvky) > mini{p(kx),u(ky)}

iv) i (kxaky) > mini{p(kx),n(ky)} Forallx,yeG
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Definition:  Fuzzy lattice KS-operator group

p: X to [0, 1], G € p(X), K,S C X. G is a lattice and a KS-operator group. A function p on G is said to be a fuzzy lattice KS-
operator group if

i) p(kxsy) > mini{p(kx),p(sy)}

i) (k)™ = plkx), p( (sx) * = p(sx)

iii) p(kxvsy) > mini {p(kx),pu(sy)}

iv) i (kxasy) > mini{u(kx),u(sy)} Forallx,yeG

Definition :  Fuzzy lattice K operator normal group

A fuzzy lattice K-operator group is said to be a fuzzy lattice K-operator normal group if p ((kx) (k y))= p((ky) (kx) for all x, ye
G keK

Definition :  Fuzzy lattice KS operator normal subgroup

A fuzzy lattice KS-operator group is said to be a fuzzy lattice KS-operator normal subgroup if p((kx)(ky))= p((ky)(kx) &
H((sx)(sy))=H((sy)(sx)

forallx,yeG  keK,seS

3. PROPERTIES OF FUZZY LATTICE KS OPERATOR NORMAL GROUP
Proposition 3.1: Intersection of two fuzzy lattice KS operator normal subgroups is again a fuzzy lattice KS operator normal

subgroup.
Proof-Let A and B be two fuzzy lattice KS operator normal groups on G.
HaNB (( kx) (ky)) =pa ((kx) (ky)) A ps ((kx) (ky))
= Ha (ky)( kx) a ps (ky)(kx)
= paNs ((ky)(kx)

HaNg ((sX) (sy)) =Ha ((sx) (sy)) a s ((sX) (sy))
= Ha (sy)(sx) A Hs (SY)(sX)
= HaNs ((y)(sx)
Proposition 3.2: If {Ai} is a family of fuzzy lattice KS operator normal subgroups of G then NA; is a fuzzy lattice KS operator
normal group of G
where NA; = { kX, a iy (kX) / X € G, keK }

Proof- (N ;) ((kx) (kY))= a pa; ((kx) (ky))

= A ai (Ky kx)
= (N pa;) (ky kx)
(N par) ((X) (5Y)) = A pai ((X) ()
= A g (SYy SX)
= (N gy ) (sy sx)
Proposition 3.3: A fuzzy lattice KS operator group is a normal if and only if A is constant on conjugate classes of G.
Proof- Let A be a fuzzy lattice KS operator normal group of G.

Ha (ky)* (kx) (ky)) = pa(k y)*(k y)(k x)

= Ha(ek x)
= pa(k x)
Ha (5 Y)™* (s X) (5Y)) = Ha((sy) (s Y)(s X)
= pa(esx)
= Ha(s X)
Hence A is constant on conjugate classes of G.
Conversely pa(k X K'y) = pa(kxkye)
=pa(kx ky kx(kx)?)
= pa(k x (ky kx) (kx)?)
= Ha(kykx)
Ha(s X sy) = Ha(sxsye)
=pa( sXsysx(sx)?)
= Ha(s X (sy sX) (sX)*)
= Ha(sysx)

Therefore the fuzzy lattice KS operator group is a normal.
Proposition 3.4: For fuzzy lattice KS operator normal group
Ha (ky)t (kx) (ky)) =pa (ky) (kx) (ky)*
HaY)(sX) (5Y) =Ha(sy) (sX) (sy)*
Proof- Let A be a fuzzy lattice KS operator normal subgroup of G.
Ha (ky)™" (kx) (ky)) =pa (ky)* (ky) (kx)
= Ha (&) (kx)
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= Ha (kX))
=pa (kxe)
= pa (k) (k y)(ky)*
= pa (ky)(kx) (ky)*
Ha(sy)* (sX) (sy) =Ha(sY)* (sy) (5X))
=pa(e)(sx)
= Ha (s X)
=Ha (sxe)
=Ha (X)) Y)?
=Ha(SY)(sX) (sy)*
Proposition 3.5: For a fuzzy lattice K 2 operator group and pa (K x . Ky ) = pa (kX y), A is normalized if and only if pa

(ke)=1&pa(se)=1
Proof- Let A is normalized.
Ma (kx) =1 for some x €G
But pa(kx.kx?) >mini{pa(kx), pa (kx1))
>mini { pa (kx), Ha (kX))

= Ha (kx)

Ha (kx.xt) > pa(kx)

Ha (ke) > pa (kx)

Ma (kx) < pa (ke) for all x eG
1 <pa (ke)
Therefore Ma (ke) =1
Similarly  pa (sx) < pa (se) for all x eG
1 <pa (se)

Therefore Ha (se) =1
Conversely Ma (ke) =1& pa (se) =1
Hence A is normalized.
Proposition 3.6: If A and B are fuzzy lattice KS operator normal subgroups of group G: and G respectively, then Ax B is fuzzy
lattice KS operator normal subgroup of G; x G.
Proof- The direct product of fuzzy lattice KS operator normal group is a fuzzy lattice KS operator normal group.
Let A & B be fuzzy lattice KS operator normal groups of group Gi and G, respectively.
Then A x B is a fuzzy lattice KS operator group.
Let x= (X1X2), Y=(Y1Y2)eGixG
Maxe (KX Ky) = paxe (K(x1 X2) K(y1.y2))
= Maxs ((kx1 kx2) (ky1,kyz))
=paxe (Kx1ky1, kxakys)
= mini { pa (kxikys), ps( kxaKy2)}
= mini { pa (kyikxa), He( kyz2kx2)}
= UaxB (kylkxl, kysz2)
= Haxs ((ky1 ky2) (kx1,kx2))
= Haxg (K(y1 Y2) k(X1,X2))
= Haxs ( Ky kx)
Haxe (SXsy) = Hax (S(X1 X2) s(y1,Y2))
= Haxs (X1 5X2) (SY1,5Y2))
=Haxe (SX1SY1, SX28Y2)
= mini { Pa (SX18y1), Ma( SX28y2)}
= mini { Pa (Sy15Xa), Ma( Sy25%2)}
= HUaxB (Sy1$X1, Sy25X2)
= Haxs ((Sy1 8y2) (SX1,5%2))
= Haxe (S(Y1.y2) S(X1,X2))

= Haxs ( sy sX)
Proposition 3.7: If A1 ,Ax, . A, are fuzzy lattice KS operator normal groups of groups Gi, Ga,...... G respectively, then A;x
Axx....... An is fuzzy lattice KS operator normal subgroup of Gy x Gox............... G.

Proof- The direct product of fuzzy lattice KS operator groups is a fuzzy lattice KS operator group.

Let A1 ,A.. .. A, are fuzzy lattice KS operator normal groups of groups G, Go,...... G respectively.
Then Aix Axx....... An is a fuzzy lattice KS operator group of Gy x Gox............... Gn .

Letx= (X1X2,....Xn), Y=(Y1,¥Y2...... yn) € GiX G 2%......... xGn

Ha1xa2......xan (KX KY) = Harxaz.... xan (KX1Ky1, KXoKyz, KXnYn)
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= mini { pa1 (kxiky1), Haz( kx2kyo),........... pan( kxnkyn)}
= mini { pa1 (Kyikxi), paz( Ky2kx2),........... tan( KynkXn)
= Maixaz.... xan(Ky1kxa, Kyokxo, kynkxn)

= HAixA2......xan ( KYKX)

HA1xA2.....xan ( SX SY) = MaixA2......xAn (SX18Y1,SX2KY2, ... SXnYn)
= mini { a1 (SX1Sy1), Haz2( SX28Y2),........... pan( SXnSyn)}
= mini { pa1 (Sy1SX1), Haz( SY25X2),....venen. fAn( SYnSXn)
= MAIxA2...... xAn(SY1SX1, SY2SXa,.......... synsxn)

= HA1xA2......xAn ( SYSX)

Proposition 3.8: If a fuzzy lattice KS operator normal group A is conjugate to fuzzy lattice KS operator normal group P of G1 &
If a fuzzy lattice KS operator normal group B is conjugate to fuzzy lattice KS operator normal group Q of G, Then AxB is
conjugate to PxQ of G1xG;
Proof-  paxe ((ky)™ (K x1, kx2) ky) = paxe ( (ky)™ k xa(ky) , (ky)™ kx2( ky))

= mini (Ua( (ky)™*k xu(ky) , He ( (ky)*kxz(ky)))

= mini (He(k X1) , Ho (kX2))

= Mexq ( (K X1, kx2) )

Haxe ((sy)™ (s X1, SX2) SY) = Haxg ((sy)™ s Xa(sy) , (sy)™ sxa(sy))

= mini (Ha( (sy)™s xa(sy) , M ((sy)™ sxz( sy)))

= mini (kp(s X1) , Ko (SX2))

= Upxq ((SX1, SX2) )
Therefore AxB is conjugate to PxQ.
Proposition 3.9: If A and B are fuzzy lattice KS operator groups of G; and G respectively & AxB is a fuzzy lattice KS operator
normal group of G1xG; Then the following are true.
i) If pakx) < ps(ke’) & pa(sx) < us(se’) then A is a fuzzy lattice KS operator normal group of G1
i) If pg (kx) < pa(ke) & pa(sx) < pe(se’) then B is a fuzzy lattice KS operator normal group of G
Proof- i) Maxg ((kx,ke) (ky,ke’)) = paxs ((kx ky , ke”))
mini {Ha(kx ky), Hs(ke”))
mini {pa(kxy), ps(ke’))

= Ha(kxy)

= Ha(kxky)
Haxs ((ky.ke’)(kx,ke’)) = paxs ((ky kx , ke”))

=mini {pa(ky kx), Hs(ke’))
= mini {pa(kyx), pe(ke’))

= Ha(kyx)

= Ha(kykx)
Therefore Ha(kxky) = pa(kykx)
Haxe ((sX,5€) (sy,se’)) = paxe ((Sx sy , se”))

= mini {Ha(sX sy), Hs(se’))
mini {pa(sxy), Hs(se’))
HA(SXY)
= Ha(sxsy)
Maxs ((sy,se’)(sx,s€’)) = Haxs ((sy sx , se’))
= mini {Ha(sy sx), Hs(se’))
= mini {pa(SyX), Ha(se’))

= Ha(syx)
= Ha(sysx)
Therefore HA(SXSY) = Ha(SysX)
i) pase ((ke,kx) (ke ky)) = tass (ke , kx ky ))

mini {pa(ke), ue(kx ky))
mini {pa(ke), He(kxy))
= Ws(kxy)
= Ua(kxky)
Haxe ((ke,ky)(ke,kx)) = Haxs (ke , kykx))
= mini {pa(ke), us(kykx))
= mini {ua(ke), us(kyx))
= ps(kyx)
= ps(kykx)
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Therefore Me(kx ky)= us(ky kx)
Haxs ((se,sx)(se,sy)) = Haxe ((se , sxsy))
= mini {pa(se), Ka(sx sy))
= mini {pa(se), Us(sxy))
= Us(SXy)
= Us(SXsy)
Haxs ((se,sy)(se,sx)) = Haxs ((se , sysx))

= mini {pia(se), Ms(sysx))
= mini {pa(se), Us(syx))
= Ms(Syx)
= Us(Sysx)

Therefore Me(SX sy)= Hs(sy SX)
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