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T+X and T KL T+Y

T v <Lpar , for some X «gr N. We give many

Y

I. INTRODUCTION

Throughout this paper rings are associative with identity and
modules are unital left R-modules. Let A <M, then A is called
v N<,M such that
Recalled M is called an essential T-

"Essential T-small submodule of M", if
T<A+N, hence T < N [1]..
hollow(ET-hollow) module if for every proper submodule H of M
is an ET-small submodule of M[2]. Recalled M is an ET-hollow-
lifting module; Let T be a submodule of a module M, if for every
submodule H of M W|th = is E(ﬂ) hollow, then there exists; a
direct summand D of M such that D CgipeH [3,4]. Recalled that
N is called Essential T-H-supplemented module if for every
submodule Y of N, there exists B <gN, such that T€Y+C if and
only if TeB+C, v C <¢ N[5]. A module N is named Essential T-
lifting module, if VH < N,
whereas H=Y+V[6]. Recalled that pB; -equivalent relation, let T

S+L

<U, then S and L of U are p; -equivalent (S g7 L) if 5 <

S S
=N and LL < ﬂ for some N«tU. A module U is named a

there subsist Y<gN and V<«gN

Goldiex-T- I|ft|ng module, where VK < U, there subsist C<gU
whereas K g7 C . The essential T- g* relation. Let V, W and T
are submodules of M, hence V and W are said to be essential-
T-B* equivalent (V BzrW), if there exists K is Essential T-small
sub-module of M whereas % < % and S+WW < WK [7,8]
. We study Essential T- g* relation on the set of sub-modules of

a module M .Also we define the Essential essential T-Goldie*-
supplemented modules and we give some properties and
characterizations for this type module.

THE Bgr- RELATION. In this section, we develop the basic

properties of the Bgr on the set of submodules of M.
Ease of Use
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DEFINITION (2.1): LETT <M .WE SAY SUBMODULES X, Y oF

M ARE Bgr- EQUIVALENT (X Bgr Y) IF XY« e Y 2 anp -
X

<<E(m) 2
EXAMPLE (2 2):
1. CONSIDER THE MODULE Z4 AS Z-MODULE. LET T = Z4,

= {0,2} AND Y = {0}. THEN % = 0 AND ﬂz{o 2).
HENCE 0 = &% «, rex, M~{0,2} anD {0,2})= &¥

E(—)={02} X

KpeIstye 24’:’ = Z4 THUS X IS Bjr- EQUIVALENT TO Y.

2. CONSIDER THE MODULE Zs AS Z-MODULE .LET T ={0,2,4} ,

X ={0,3} AnD Y ={0,2,4} .THEN%= %_H = {0,2,4}

X+Y T+X M
But — IS NOT —=-SMALL IN — .THEREFORE X IS NOT Bgr-
EQUIVALENT TO'Y.

Proposition (2.3) Sz is an equivalence relation .

Proof: Clearly that 8;r is reflexive and symmetric .To show
that Sz is transitive .Let X,Y and Z be submodules of M such
that X Bz Y and Y Bir Z .we Want to show that X Bir Z

.Since X gz Y and Y BirZ Then 2L « rex 2 and £

(X)X Y
<< T+y, — ,—— <K T4y M and << r+z. — . Let —be an
Y E(—~— ) Y z E(—~ )z

E(50) Y
essential submodule of — such that ﬂ c ﬂ + = and hence

T+Y Z Y K Y Y+Z
TCT+XCZ+K .Therefore = € =5+ 2% since =

Y
K r+v. — ,then ™Y < Y and hence TST+YCY+K.
E(—— Y ) Y Y Y

T+X Y+X K T+X
Therefore — € — + o Since ¥ «rix 2 , then — cX
X X X X

e
= be anessential submodule of

M  Y+Z

<< (T+X) ;
- such that E c Xz

Thus X2 X .Now, let

24K and hence TST+ZcX+K .Therefore
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T+Y

T+Y X+Y K+Y
— then — ¢ — " Y and

+Y
c X L K4 Since £ <<r+y —
Y Y Y Y Y

hence TCT+YCY+K Therefore % c YZLZ +X Since 22

K T+z then E C X Therefore 2 « 14z so X 6T

ECSD) E z ED) E :
z Thus Ber isan equwalence relation.
Theorem (2.4): Let X, Y be submodules of a module M .Then
the following statement are
LXBerY
2. For each submodule K of M such that TEX+Y+K, then
TeX+K and TEY+K.
3. If K is a submodule of M with TEX+K, then TEY+K and if
H is submodule of M with TE€Y+H, then TEX+H.

Proof: 1=2
M M
Let X Bsr Y, then X « (M) o and & <<E(H) =

.Let K be an essential submodule of M such that TEX+Y+K

T+Y X+Y K+Y T+Y K+Y
.Then T c—+— SInCET <<T+Y 7 then - = c —

Y
and hence TCT+YCY+K Therefore % c Xy ﬂ Since

X
Y« rex 2 , then M c ﬂ and hence TCT+XCK+X
X E(—— X ) X

.Thus TEK+X.
2=1 Let gbe an essential submodule of %such that TYLY c

T+ 2 Then TSX+Y+K. By (2), T§Y+K.But Y <

therefore TCK. Hence Y « riy .Now let 5 be a

()Y

submodule of — such that % c ﬂ +— .Then TEX+Y+K.

By (2), T§X+K. But X < K, therefore TCK. Hence =~
<<E(T+X p: .ThUSXBETY

2=3 Let K be an essential submodule of M such that TEX+K
.Then TSX+Y+K .By (2), TEY+K .Now, let H be submodule
of M such that TSY+H .Then TEX+Y+H .By (2), TEX+H .
3=2 Let K be submodule of M and assume TEX+Y+K .By (3),
TSY+(Y+K) and TSX+(X+K) and hence TCY+K and
TEX+K.

T+X X+Y

3:>1 Let — be an essential submodule of —such that — < ~
+ = Then TCT+XC X+Y+KCY+K .By (3) TCX+K Slnce X

K then T€K and hence— C X Therefore 2~ = Y & rex

M
( ) X
.Now, Iet — be a submodule of — such that ﬂ c Xyiy +—.Then

TCT+YCX+Y+KCX+K By (3) TCY+K Slnce Y < K then

TcK and hence 2% < £ Therefore 22X <<E(T+Y) .Thus X
)¢

.BETY'

Proposition (2.5): Let X be submodule of a module M. Then

X B0 if and only if X<t M.

Proof: Suppose that X Sz 0, then 22

& r+x. Land hence

E(— X
M X+0 M
0<<E(¥) < and -5 < (TH,) 7 Therefore X<egr M

.Conversely, assume that X<er M .We want to show that X

ﬁET 0. Thenﬂ & rex. = and hence 0 «<_ rix, = .Now
E(=5) X E(=) X
— <<E(T+O) E .Hence X<gtM . Thus X ﬁET
0
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Proposition (2.6) Let X and Y be submodules of a module M
such that X=Y+B and Y=X+A, where A\B «gr M .Then X
Ber Y.
Proof Let X=Y+B and Y=X+A, where A, B «tM .Then
X+Y=X+X+A=X+A  and X+Y=Y+B+Y=Y+B .By
proposition(2.3), X Bz X .Since AKTM ,then A Bi; 0 by
proposition (2.5) and hence X+A Bz X+0 .Since X+Y=X+A
then X+Y Bzr X .By the same way then Y Bir Y. Since
B«erM ,then B Bg-0, by proposition(2.5) and hence (Y+B)
Ber( Y+0) .Since X+Y=Y+B, then (X+Y) Bir Y .By
proposition(2.3), then X BzrY.
Theorem (2.7)_Let X, Y be submodules of a distributive module
M such that X S5+ Y .Then:
1. X<er M if and only if Y <er M.
2. X has an essential T-weak supplemented K in M if and only
if K is an essential T-weak supplemented of
Y in M.
Proof(1): Assume that X<er M. Let K be a submodule of M
such that TEY+K. Then TEX+Y+K .But X Bz, Y, therefore
TSX+K, by Theorem(2.4). Since X<grM, then TSK. Thus
Y KLetM.
Conversely, is true by Proposition(2.3).
Proof: (2) Suppose that K is an essential T-weak supplemented
of X in M .Then TEX+K and (XNK) < gz M .To show that K
is an ET-weak supplemented of Y in M .Since X Bz;Y, then
TCSY+K by Theorem(2.4). Now, to show that (YNK) <gr M
.Let N <M such that TS(YNK)+N .Then TSY+N and TEK+N
Since X Bgr Y, then TSX+N by (2.4) .Then
TS(X+N)N(K+N)S N+(XN(K+N)), by modular Law. Since M
is distributive module, then TEN+(XNK)+(XNN)SN+(XNK)
.Since XNK < gy M ,then TEN .Therefore YNK «<gzr M .Thus
K is an essential T-weak supplemented of Y in M .Conversely,
is true by Proposition(2.3).
Proposition (2.8):

Let M, N be modules and let f: M >N be an
epimorphisim ,then :
1. If X, Y are submodules of M such that X Sz Y, then f (X)
Biray T (Y).
2. If X, Y are submodules of N such that X B¢ Y, then
71X Ber fHY).
3. If f is a ET-small cover, X be submodule of M and K be
submodule of N Such that f(X) Bz K, then X Bz £~ (K).
Proof: (1)

X+Y

Suppose that X Bz Y. Then ¥ << rex, =and 22X
E(—) X Y

M N

rCH Y To show that f (X) ﬁEf(T)(Y) Letf(x) e
F(M+fX) fO+Hfm K

such that o0 c o0 f(X) . Then f(T)+ f(X)

CfX)+ f(Y)+ Kand hence f (T+X) < f (X+Y) + f (w) ,

where f (w) = K .So f~1(f (T+X)) € f~1( f (X+Y) + f (w)),

therefore T+X+ Ker f EX+Y+W+ Kerf Then TCX+Y+W and
T+X X+Y wW+X T+X
Si nce << T+X

hence —c—+—. then—C
X X X X E(—— X ) X
% and hence T+XcSW+X. So f (T+X)cf (W+X) therefore
f(T)+f(X) _K FX+f(Y)
fX) X - Thus (X)

X)+
LOOHT®) FD+F )
7

KL T+y

<<E(M By the same

)f(X)

way . Thus f (X) Bgs(r) T (Y).

f) E( )f(Y)

4682


http://www.ijritcc.org/

International Journal on Recent and Innovation Trends in Computing and Communication

ISSN: 2321-8169 Volume: 11 Issue: 9

Article Received: 25 July 2023 Revised: 12 September 2023 Accepted: 30 September 2023

. * X+Y M
Proof: (2) Suppose that X Bgsr)Y. Then ~ <<E(f(r))(+X) X

and XY « ((my) % To show that  f~1(X) Bir fL(Y).
K M T+TIX) — fTAX+H )

Let —— ® ¢ i such that =T

f- 1(X) - Then T+ f1X) < f- 1(X+Y) + fT 1(W) where

f71 (W) = K. So f (T+ f14(X) ) cf (f ! (X+Y) + f7HW))
therefore [ ¢ X | WHX gince XY« rix 2 then
X X X ( )

X

WX and hence f (T)+XCW+X So fTH(f(T)+X)

Cf 1(W+X) therefore T+ f~1(X) € f~1(W) + f~1(X). Then

THTIX0 o K FTL0+ ()
o 1(X) Thus 71X
7O+

- KL 1y 1)
1 1
1) E(W) (Y)

f (T) +X

M
L i T-By
5 7T ) i

the same way Z . Thus £~1(X)

Ber f7HY).

Proof: (3) Suppose that f (X) Bgrry K .To show that X
Bir f 1K) .Let = Se Y such that =X %1(") + % Then
T+XX+ f~ 1(X)+H and hence f (T+X) c f (X+f"YK)) + f
(H). So £(T) + f(X) S f(X) + K + f (H), therefore LX)

()
FOO+K | F(H) FD+FX) — f(H)
ST f(x) Since f (X) BgrmK, then Z B and

hence f(T) + f(X)< f(H). Then f (T+X) € f(H) and hence
T+X+ Kerf CSH+ Kerf.SoT S H+ Ker f .Since f

=il
is a T-small cover ,then T€H and hence MC ﬂ . Thus X—+fX (k)

T+

— (k) <o (k) such that P
X+ 7R

100 l(k) Then T+f 1(K)‘:X+f ! (K)+H and hence
f(T+f‘1(K)) S X+ fH(K)+ T (H). Sof(T) + K € f(X) +
K + f (H), therefore f(T;‘LK c f(X)”( + f(H) . Since
f X)) BesmK , then —— < LH) and hence f(T) +

f(T)+K
K< f(H).So f~1(f(T)+K) gf‘l(f(H)) therefore T+ f~1(K)+
KerfcH + Kerf .ThenT € H+ Kerf . Sincefisan ET-small

Now, Let

()

T+~ 1(k) H X+f"Y(k)
cover, then TEH and hence c )
71k (9] 7k
K re~igoy =i - Thus X Bgr f7H(K).
() (k)

Proposition (2.9):  Let X;,X,,Y;,Y, be submodules of a
module M such that Xi Szr Y1 and Xz B5rY2. Then (X1+X2)
Ber (Y1+Y2) and (X1+Y2) Ber (Y1+X2) .

Proof: Let Xi S5y Yiand X, Bir Y2 . To show that (Xi1+X2)
Ber(Y1+Y2). Let K be an essential submodule of M such that
TS (X1 +X)H( Y, +Y,)+K, so TS X; +Y;+ (Xat+Y2+K).
Since X1 Bir Y1, then TE X, + X,+Y2 + Kand TS Yi+ Xp+Y>
+ K. Since X, BgrYo, thenT S X; + X, +Kand T € Y; +Y,
+K . Thus (X; + X;) Bsr (Y1 +Y3) by (2.4) .By the same way
(Xa+Y2) Ber (Y1 + X3) .

Corollary (2.10): Let X, Y be submodules of a module M and
K «<gr M .Then X Bzr Y if and only if X S5+ (Y+K).

Proof: Suppose that X BzrY. Since K <gp M, then K Bz 0
by (2.5). Then X+0 S5 Y+K, by (2.9). Thus X Bzr (Y+K).
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Conversely, let X ﬁET (Y+K), then XeveR <<E(T+X) %and
X
T &y revek - Since T € oo . then £ «
Y+K E(W) K X X
X+Y+K
E(T;X) X Slnce T then—<< (T;Y — ,by (129)
.Thus X Bgr Y

Proposition (2.11): Let M be an essential T-hollow module[9]
.Then X Bz Y, for every proper submodules Xand Y of M such
that TEX and TEY.
Proof: Let X ,Y be a proper submodules of M such that TZX
and TZY .Since M is hollow module, then X <z M and
Y &gr M By (2.5) , X Br0 and Y S50 .Thus X BirY, by
(2.3).
3.Essential T-Goldie*-supplemented modules
DEFINITION 3.1. We say M is essential
supplemented if and only if for each
X < M, there exists a supplement submodule S of M such that
X Ber S
THEOREM 3.2. M is ET — G*-supplemented if and only if for
each X <M there exists a supplement S and a small submodule
H of M such That X + H =S+H =X+S .
Proof. Assume that M is G*supplemented. There exists a
supplement S such that X 8z S. Hence there exists W < M
such that S+W=M and (§ N W) < S. By Proposition (2.9),
X Bir(X+S) .and S Bir(X +S) From Theorem (2.7) W is
an essential weak supplement for S, X , and X+S By the
modular law, X + H=S+ H=X+S, where H=X+5)n
W<&KM.
The converse follows from (2.4).
COROLLARY(3.3). (i) If for each X < M there exists a
supplement S and H « M such that X = S + H, then M is
ET — G* — supplemented. The converse holds if M is also
distributive.
(if) Let M be Gx-supplemented such that Rad(M) < X. Then X
=S + H, where S is a supplement and H < M.
Proof. (i) From Theorem (3.2) the hypothesis implies that M is
Gx*-supplemented. Assume that M is ET — G* —supplemented
and distributive. Let X < M .Then there are S,L < M such
that XBsrS, S+L=MandS n L « S. By Theorem (2.3),
X+L=M. SO S=SnX+L)=SnX +5n
L =S5 n X.HenceS < X.From Theorem (2.6), L isan ET-
weak supplementof X,s0 X N L « M. ThusX = X n (S +
L)y =S + H,where H=XNL
(i) By (3.2).
THEOREM 3.4. Let M be a module and consider the following
conditions:

(&) Mis ET —lifting.

(b) Mis ET — G* —lifting.

(c) Mis ET — G* —H-supplemented.

(d) MisET — G* —supplemented.
Then (a) 2 (b)) = (¢) = (d)

proof: (a) = (b) is clear

(b) & (c). This equivalence follows from Theorem 2.3
(b) & (d). This implication follows from the fact that every
direct summand is a
supplement.

T-Goldiex-
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Proposition(3.5). If M is a quasi-projective module then the
following conditions are equivalent:

(i) M is supplemented,
(ii) Mis ET — G* —supplemented,
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